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Abstract. In this paper, Lie group analysis is applied to delay differential equations. It is
shown method for constructing and solving determining equations and it is given example.

INTRODUCTION

Delay differential equations (DDESs) play a central role in many mathematical
modelings. Unfortunately, most methods for solving particular types of DDEs come
from the approach of trial and error. In this paper, Lie group analysis method, the pow-
erful method [1], is applied to DDEs for finding symmetries. The sketch process is not
different from the classical one.

The equations to be studied &re

X =F(t,%), 1)

where, for givert € [to,3) and given any functiol : [y,t] — D,

F(tvxt) = f(t>X(gl(t))7 >X(gm(t)))7

D is an open subset iR", x and f aren-vector-valued enough time differentiable func-
tions, f : [to,) x D™ — R", and foreachj = 1,....m, y<gj(t) <t for to <t <.
Definition 1. A solutionof equations (1), with initial conditiof(t) defined only,to], is

a continuous functiomw : [y, 1] — D, for somef3; € (to, B] such that

1. Xx(t)=0(t) fory<t<tp, and
2. X(t)=F(t,x) fortp <t <pa.

Remark. We understand (tp) to mean the right-hand derivative.

1See, for example, in [2]
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Definition 2. We define aymmetry groupdmitted by DDEs (1) according to Lie’s defi-
nition of a symmetry group admitted by an equafidre., it is a group of transformations
which transform a solution of DDES to a solution of the same system.

The plan of the paper is as follows. The next section provides description of con-
structing and solving determining equations. Then it is given an example.

DETERMINING EQUATIONS OF DDEs

Constructing of Determining Equations

Like the classical method, we will let the symmetry group G of transformations Ta:

t=TYt,xa), x=TXt,xa),
depending on a real parameget = T'(t,x;0) andx = TX(t, x;0), be admitted by DDEs
(1). Supposa = X(t) be a solution, we relate this solution witft) by t = T'(t,x(t);a)
andx= TX(t,x(t);a). In order to writex as a function of, we first have to derive

t=uy(t;a) )
fromt = T'(t,X(t);a). Compared with ODEs, in order to consider DDES’ solutions, one
has to consider functions not only of a neighborhood of an initial point, but of initial
interval [y, to] and a neighborhood &f. Local inverse function theorem is not enough to
guarantee obtaining (2), we have to requgkbal inverse function theorem”
We can write dowrx as a function of by x = x(t) = T*(@(t;a), x(W(t;a));a). So
dx(t) _ oy(t;a
7= KU rximana) 28
dt ot
here f; means the partial derivative of f with respect to i-th argument, and

F(t,x) = f(t, T*(W(0u(t);2), x(W(Gi(1);@)); @), ... T(W(gm(); @), X(W(gm(D); @)); 2).
Let=(t,x,X) =X —F(t,x), then

=(t,x,X) =0, (3)
for x = X(t) andt in some considered interval, and a(, x;, X) = O:
O=(tXX)|
9 =0. 4)
a=0
Definition 3. The equations
0=(t,%; X) _
- oa =0 ®)
a=0,(3)

are called determining equations.

2See p.101, section 1, chapter 6 in [3]
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Solving Determining Equations

Let &(t,x) = w and n(t,x) = w . From the previous
section, we obtain 0 0
X —nax®) + (X)) - ©
o &1 (t,X(1)X (1) = &2(t, X)X (1)) — &t X)X (1),
KL (000,10 )X (01(1) + (e X(GA(D)).

Let A and©, denote the right side terms of equations (6) respectively. Equations

(4) become
m

Z Ea)\-l-l (t,Xt,X/>@)\+E,m+2A:O. (7)

A=1
To solve determining equations, we have to consider (7) on the manifold (3). Then the
involved variable and functions are:

o LX), XA (1) X' (A1), X" (1)),
e functionsn and & of (t,x(t)) or of (gy(t),x(g\(t))) and their derivatives

n7l7E717n,2,E,2,...

whereA =1,....m

Determining equations (5) have to be satisfied identically fortanya neighbor-
hood oftp, t > tp, and for any solutiory(t) of equations (1). For any initial function
B(t),t € [y,to], existence theorj2] guarantees existence of solutigft), therefore, by
arbitrariness of € [y, 1] and initial functionB(t), the determining equations can be split
into a system of several equations and can be solved analytically, as it is done for ODEs

[4].
Example

Let us consider
X'(t) —x(t) +x(t—r) =0, (8)

X (to) = x1, X(s)=60(s), s€[to—r,tg], r>0.
The determining equation for equation (7) is

n,n(t X(1) + X (1) (2n,12(t, X (1)) — & 12 (t, X (1)) +
X' (1)]2(n,22(t, X (1) — 28,2 (£, X (1)) — [X'(1)]3E, 22 (t, X (1)) +
X(t) =Xt —=r)](n,2(t, x(t)> 28,1 (8, X(1))) = 3[X" () (x(t) —x(t —1))]&,2(t, X (1))~

X' (t)(
E(L, X)) (X (1) =X/ (t—r)) +&(t,X(1)X'(t) —n(t
E(t—rx<t—r>)x(t—r>+n<t Lxt-r))=0
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The generator obtained from solving the determining equation is
X = h(t)0; + c1x0x,

wherec; is an arbitrary constant and the functiaft) is an arbitrary solution of equation

(8).

CONCLUSION

In the strength of the theory of existence of solution of the problem for DDEs, the
process of solving determining equations for DDEs is similar to obtaining solutions of
determining equations for differential equations.

In this paper, it is shown that Lie group analysis can be applied to DDEs. And it

can also be applied to other types of DESs, like integro-differential equations, functional
differential equations, etc.
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