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Abstract. Equation %(m,t) + u(x,t)%(:& t) = G’(u(a:,t —7),u(x, t)) is a delay partial differential
z

equation with an arbitrary functional G . This delay partial differential equation is more general than

%(Lt) + u(m,t)@(m, t)y=G (u(a:,t — T)) which has been applied group analysis to find representations
Ox

ot

of analytical solutions [3]. Application of group analysis to the equation and group classification of representations
of solutions where G = g(u(l', t) — u(x,t - 7')) + H(u) g and H are arbitrary functions, are presented in

the article.
1 Introduction

Consider delay partial differential equation (DPDE) with delay 7 > 0
(L.1) 9 )t ) 2 () = G (st — 1), ula, 1))
ot Ox

For the simplicity, notation " will be used to denote u(z,t — 7), u denotes u(z,t) and u,, u, mean first
partial derivatives of « with respect to = and ¢, respectively. Equation (1.1) can be simply written as
(1.2) u, +uu, = G(u",u)-
Equation (1.2) is similar to Hopf or inviscid Burgers' equation [1]. However, equation (1.2) has a delay term,
which makes the equation difficult to be solved [2]. Applications of delay differential equations can be found in
[2,3,4,5,6]. The representations of solutions for the particular case of equation (1.2),
(1.3) u, +uu, = G (u")-
has been found [3]. These solutions were obtained by applying group analysis method [7,8,9] to the equation.
Group analysis also classifies equation (1.3) w.r.t. symmetries into two cases, arbitrary functional G and
G=Fku :
- For arbitrary functional G(u")

The solution is 4 = f(C,x — C,t), where f is an arbitrary function, C|,C,are arbitrary constants. The
solution reduces equation (1.3) into a functional ordinary differential equation (FODE) £1(0) = G(hO+C1)),

1
C,h(0)—C,

where § = C,z — Ct.
- For particular functional G(u") = ku" , where k is an arbitrary constant.

For this case, equation (1.3) has two possible forms of representation of solutions, i.e.
1 u=(z+C,)f(t), where f isan arbitrary function, ¢, is an arbitrary constant.

This solution reduces the equation into delay ordinary differential equation (DODE) f,'(9) = kf,(t — 7) — [£()]-
2.y =%, ((q; +C, )@*Cst) , Where £ is an arbitrary function, C,, C, are arbitrary constants.

By this solution, equation (1.3) can be simplified to FODE fg.(@):Csfz(qﬁ)*kfg(ecﬂ‘ﬁ), where
. f:s(d’)_c5¢

¢=(z+C,)e .
In this article, group analysis is applied to find symmetries of equation (1.2) which is more general
than (1.3). However, for the sake of simplicity, equation (1.2) is considered for the case

G = g(U(L t) — u(z,t — 7)) + H(u) only, where g and H are arbitrary functions. Classification of the
equation with respect to groups of symmetries admitted by the equation are presented in the following sections.



2 Applications of group analysis to delay differential equations

By the theory of group analysis, a symmetry of equation (1.2) is defined as the transformation ¢ : QO x A — Q

which transforms a solution of the differential equation to a solution of the same equation, where 2 is a set of
variables (z,t,4) and A Cc R is a symmetric interval with respect to zero. Variable ¢ is considered as a

parameter of transformation (», which transforms variable (z,t,«) to new variable (z,7,%) of the same space.
Let o(z,t,u;e) be denoted by o (z,¢,u). The set of functions ,_ forms a one-parameter transformation group
of space 2 if the following properties hold [7,8,9]:

1) @, (z,t,u) = (v,t,u) forany (z,t,u)c Q;

(2) ®., (gpgz(x, t, u)) =@, .. (z,t,u) forany ¢ e,,c, +¢, € A and (z,t,u) € Q;

) if p_(z,t,u) = (z,t,u) forany (z,t,u) € @, then e = 0.
The other notations z = ¢"(z,t,u;e),t = ¢'(z,t,u;e),u = @"(x,t,u;¢) are used as the same meaning as
¢.(x,t,u) = (z,t,uw). The transformed variable « with delay term and its derivatives are defined by
" =u(z,t —7) and uz = 9u / 0z, ur = Ou /Ot , respectively. Consider DPDE
(2.1) F(z,t,u,u",u,,u,)=0.
[6] shows the derivative of an equation, with the transformed variables z,7,% and derivatives 7z u;, with
respect to parameter ¢ vanishes if the transformation is symmetry :

P L s, <
(22) a (ZE, , U, U 7UI)| — XF($7t,U,UT,UI7Ut)|21
e £=0,(2.1) @

The operator X is defined by X — (g —u,&—um)d, + (¢ —ul& —un)o, + ¢“a, +¢"0,, where

0 .

U

T t
&(m,tyu) = Op (@, t,u;0),n(z,t,u) = a—('D(x,t, u;0),¢(z, t,u) = Op (z,t,u;0),
Oe Oe Oe

& =&zt —Tu"),n =n(z,t —7,u")," =(z,t —T,u"),
(" =D, (¢—u&—un)¢" =D ((—ug—un),
, =0, +v0, +ud, +u,0, +u,0, +..,
D,=0,+ud, +u/0, +u,0, +u0, +..,
The operator X is is called a canonical Lie-Backlund infinitesimal generator of a symmetry. Equation (2.2) is
called a determining equation (DME). Since 7(F($7t7u,u7,uz,ut)| = 0, We say that the operator X is

(2.1

admitted by equation (2.1) or equation (2.1) admits the operator X . Lie's theory [7,8,9] shows the generator is
one-to-one correspondent to the symmetry. This generator is also equivalent to an infinitesimal generator [8]

(2.3) X =¢&0,+n0,+@,-

3 Finding and solving the determining equation

The DME for , + wu, = G (u”,u) can be found by letting F = v, + wu, — G (u",u) and substitute it into
equation (2.2),

(3.1) X (u, + wu, — G (v, u)) =0-

w,=G(u" u)—u,
By letting w, =G —uu, SO w,=uG, +uG, —(u) —uu
w =G —u'ul, Where

where G = G (u",u”), u” = u(z,t —27), u = u,(z,t —7),u] =u,(z,t— 7). Thus DME (3.1) becomes

(32) w G fuT(n=n") + & = &+ u, [uln, + nu+n0,G) = (€ + §u+ §6) + (]

7G(fr}f + n:r,u + nuG) + Gu” [GT(nT - n) - CT} - GuC + <t + Cju + C'ILG = 0
By the theory of existence of a solution of a delay differential equation, the initial value problem has a particular
solution corresponding to a particular initial value. Because initial values are arbitrary, variables «, +~ and
their derivatives can be considered as arbitrary elements. Since every transformed-solution 7(z,7) is a solution

of equation (2.1), the DME must be identical to zero. Thus, if DME (2.2) is written as a polynomial of variables
and their derivatives, the coefficients of these variables in the equations must vanish. In order to solve a DME,

— T
Uy = uzGu + Gzﬁ — U — Uy, and

xx?



one solves the several equations of these coefficients. This method is called splitting the DME. Unknown

functions ¢, 5 and ¢ can be obtained from this process.

By splitting equation (3.2) with respect to 7, one obtains ¢ [u n—n")+& — g] = (. Since equation
(1.2) is considered as a DPDE, it is assumed G . = 0. The equation is simplified to
(3.3) w(n=n)+E —€=0
By the assumption ¢ and 5 depend on variables z, ¢ while ¢ and 5" depend on z ¢ 7, if one differentiates
equation (3.3) w.r.t. «, the derivative becomes v, — ¢, = 0. Splitting the equation w.r.t «" implies ¢ =0
and 5, = 0, which means ¢ and 5 do not depend on «. By the similar structure of ¢~ and ¢, and 5" and 7,
both ¢ and 57 depend on only variables z and ¢. Equation (3.3) can be split again w.r.t. »~ which implies
€ (z,t) = &(z,t) and 57 (z,t) = n(x,t) . The conditions obtained mean ¢ and 5 are periodic functions w.r.t. ¢
with period , i.e.

(34) f(I,t - T) = f(:t,t), W(Iat - T) = U(Iat)~
Again, splitting the DME w.r.t. 4 _, one gets
(35) C = ét + £_I‘u —u (Ut + nzu)a CT = 51, + gzuT —u’ (ﬂt + UIUT) '

Substitute ¢ 5,¢ and ¢* into the DME and differentiate it with respect to «",
gt (_[Gmf + Gz/u” ]) + 51 (_[Gm/u + G 'U/TD +

wu”

(3.6)
0 (Gu+Grou” =G )+, (G w4 G, (0 = 3G, u+ QGuTuT) =0

uu

Here if we consider equation (3.6) as ¢ A + ¢,B + 7,C + n,D = 0, which may be written in a vector form as
(3.7) (&:&-mm,) (AB,CD) =0,
where A=—-[G, +G,. ], B=—[G, u+G, ul C=G,u+G, v —G, and

D=G, v’ +G,, () —3G, u+2G, u", weareable to classify equation (1.2) as the followings.

3.1 The kernel of admitted Lie groups

The set of symmetries, which are admitted for any functional appeared in the equation is called a kernel of
admitted generators. Assume equation (3.6) is valid for any functional G . Since G,
G, G, G, varyarbitrarily, the set spanned by (A B C,D) has dimension 4. Thus (é,fmm,m) must be a

zero vector, i.e. all of ¢ ¢ n, n, vanish. This implies ¢ and 5 are constants and ¢ is zero. Let ¢ and 7 be

denoted by (¢, and (,, respectively. The infinitesimal generator admitted by equation (1.2) is

X =00, +C,0,. By the theory from group analysis, the characteristic equations dz _dt _ du imply
‘ & n <

u=f(Cyx—Cit) is a representation of a solution. It reduces equation (1.2) into FODE

G (f(0), f(0 + C\7))

rO==cr0-c

where § = C,z — Cit.
3.2 Extension of the kernel

Extensions are symmetries for the particular functional G . Here, for the sake of simplicity, case A =0 is
considered only. For this case, it implies

(3.8) Gu,u") = g(u—u") + H(u),

where ¢ is an arbitrary function of v — " such that a_gT =0 (or ¢g'=0) and H is an arbitrary function of
variable v . Equation (3.6) is reduced into the form o

(3.9) & (w=)g"+n, (9= [u=u]g") +n, (~[u’ = ()]g"+[3u—2u7]g") = 0-

Equation (3.9) can be considered as a vector form (517771’17]5) . <A, B, C> =0, where 4 = (u—u")g",
B=g-[u—u]g"and C = f[UZ _ (u,)z]g,,+ [3u —2u"]g'- Let V be the set spanned by vector <A, B,C>.
All possible cases which make equation (3.9) valid are considered according to the dimension of V.



3.2.1 dimV =3. This condition means vector (¢ ,n,,n,) must be a zero vector, i.e. ¢ »,,n, vanish. Thus
the DME is simplified to — A '(u)¢'(t) + €"(t) = 0. The derivative of the DME w.r.t. w is —H "(u)¢'(t) = 0.
- Case H"(u) =0, Here H(u)= Hu + H, is asolution of the equation, where f,, H, are arbitrary constants.
However, by the arbitrariness of function ¢, f, can be omitted. The DME is —H £'(¢) + £"(¢) = 0, Which has
¢ =C.e™ + C, as asolution, where ¢, C, are arbitrary constants. The periodic condition (3.4) of ¢ implies
Ce™ " + ¢, = C.e™ + C,. The condition is valid for 7, = 0 or ¢, = 0. For this case ¢ must be a constant.
- Case H"(u) = 0. The equation immediately implies ¢ isa constant.

Both two cases show equation G(u,u”) = g(u —u") + H(u) admits X = &9, +no,, where ¢ and 5 are
arbitrary constants and ¢, 7 are arbitrary functions. For dim Vv =3, it has the same solution with the kernel case.

3.2.2 dimV =2. This condition means there exists a constant vector («, 3,v) = 0 which is orthogonal to set

v, ie (a8, 7>‘<A,B,C> =aA+ BB +~C =0. By changing of variable ; = (v — "), the equation is
derived t0 z(av — 3 + v2)g"+ (B + 3v2)g'+ vy (—229"+ g') = 0. Splitting the equation w.r.t. »", we have
(3.10) v(=229"+¢') =0,
(3.11) Ha—=pB+72)9"+ (B +3yz)9' = 0.
- Case ~ = 0. Solving equation (3.10) makes ¢(z) = C,2** 4 C,,

where ¢, C, are arbitrary constants. Equation (3.11) is simplified to 301 ([a + BNz + 5723/2) — 0. By the

arbitrariness of z, o 4+ 3 and ~ must vanish. This case contradicts to the assumption ~ = 0.
- Case 4 = 0. Equation (3.15) is reduced to
3.12) 2 —B)g"+PBg'=0
If o —3=0 (or =) itmakes g¢' = 0. This case contradicts to the condition («, 3,~) = 0 is not zero and
g'= 0. Condition o — 3 = 0 (or a = @) will be considered only.
For the conditions v = 0, a = 3, equation (3.12) is considered into two cases :

Case _ P _ _1,1.e. a =24. The above condition o = 5 implies a = 0. The equation can be reduced
a=p

to 29"+ ¢' = 0, Which has a solution ¢(z) = C, Inz + C,, Where C, is a nonzero arbitrary constants, C, is

a constant. However, the constant ¢, can be omitted because of the arbitrariness of /. Substitute ¢ into

the DME and differentiate it w.rt. «", the equation calculated is - CluT [2n, — & +4nu+nu]=0-
Since C, = 0 and unknown functions ¢ and 5 depend on (z,¢), the equation can be splitw.r.t. » and «"
which implies 7 = n(¢) and &(z,t) = 2n'(t)r + &,(t), where ¢, is an arbitrary function of ¢. Substitute
both obtained functions into the DME :

(3.13) 2[n"(t) = n"(OH '(w)]z + [3n"(#) — n'(OH '(w)]u— Cin'(t) + &"(t) — H'(w)g,'(t) = 0-
Since unknown functions ¢, », # do not depend on z, then »"(¢)—n"(t)H'(u)= 0. This can be
considered into subcases H'(u) = 0 and H'(u) = 0.
(1) H'(u)=0,i.e. H isaconstant. Then 5" (¢) = 0. The periodic condition implies 5 is only a constant.
The DME is simplified to ¢,"(t) = 0. &, is also a constant by the periodic condition. This subcase shows
u, + uu, = C,In(u —u") + H admits the generator¢o_ + n9, Where [, ¢ n are arbitrary constants.
(2) H'(u) = 0. The mixed derivative of DME (3.13) w.r.t.  and « shows —2p"(#)H "(u) = 0. This can
be considered into two subcases H "(u) =0 and H"(u) = 0.

- H"(u)=0. It implies H = Hu+ H,, where [  H, are arbitrary constants and H, = 0. The
derivative of equation (3.13) w.rt gz s 2(n"(t)— Hn"(t))=0. Thus its solution is
n=C, + C,t+ C,e™. By the periodic condition, ¢, and ¢, must identical to zero, i.e. 5 is a constant.
The DME is reduced to ¢, "(t) — H,&,'(t) = 0, Which has a solution ¢, = ¢, + C.e™" . Also the periodic
condition of ¢ implies ¢, =0. Then w, +wu, = C,In(u—u")+ Hu+ H, admits the generator
C0,+C,0,-



- H"(u) = 0. The equation implies 7 "(¢) = 0, i.e. with the periodic condition 7 is a constant only.
The DME is reduced to ¢, "(¢) — H'(u)¢, '(t) = 0. Differentiate the equation w.r.t. w, —H "(u)¢,'(t) = 0, it
implies ¢, is a constant.

All above cases shows v = f(nz — &t), Where ¢ p are arbitrary constants and f is arbitrary function,

is solution of 4, 4+ vu, = O, In(u —u") + H(u), wWhere ¢, is a nonzero arbitrary constant and H is an
arbitrary function of .

Case _ 0 = 1. Let 5— B__. Hence the solution of equation (3.12) is g = C,(u—u")"" +C,,
a—p a—p

where (| is a nonzero arbitrary constants, C, is a constant. However, the constant ¢, can be omitted

because of the arbitrariness of A . Splitting the DME equation w.r.t. »” shows

(3.14) C,(6+1)(u—u)[8¢, +1—8)n, + (3u—2u" —6(u+u))n]=0-

Since ¢ and 7 depend on (z,¢) then equation (3.14) can be split w.r.t. « and «". Itimplies (3 — &), =0
and —(2 + 6)n, = 0. The arbitrariness of § implies 5 =0, i.e. 5 = n(¢). Equation (3.14) is simplified to

(3.15) 8, +(1—=06)n'(t)=0.
Case § = 0.

p=2A

(1) If 6 =1, equation (3.15) shows ¢ =0, i.e. ¢ = £(¢). The DME is reduced to
€"(t) = n"(tu —2n'(O)H (u) + [n'(t)u — &' (1) H '(u) = 0.

The second derivative of DME w.r.t. « implies [ﬂ'(t)u — g'(t)]H "(u)=0.

If H"(u)=0,then 5'(t)u —&'(t) = 0. Splitting the equation w.r.t.  shows ¢ and , are constants.
Thus the solution of equation v, + uu, = C, In(u — u") + H(u) isals0 u = f(nz — &t).

Suppose H"'(u)= 0. This means H = Hu* + H,u + H,, Where H H, H, are arbitrary constants.
The derivative of the DME w.r.t. u is

—[2H,E'(t) + 1"(t) + Hyp'(£)] = 0

(@ H,=0 and H,=0. The periodic condition implies 5 is a constant. The DME is reduced to
£"(t)=0.So0 ¢ isalso a constant.
(b) H =0 but g, =0. The equation shows 5 = C, + C,e ™. The periodic condition reduces term
C,e” ™" which makes 7 a constant. The DME is reduced to ¢"(¢) — H,&(t) = 0, also ¢ must be a constant.

() H,=0. Then ¢y _ n"()+ Hn'(t) | The DME is simplified to 7"(t) + \y'(t) = 0, Where
2H,
A= 4H1(01 + Hs) - (H2>2 '
If A =0, this shows »"(t) = 0. ¢ can be only a constant and ¢ is a constant also.
If X<0,n=0C,+Ce"+ Ce ™. The periodic property of 5 implies ¢, and ¢, vanish and ¢ must
be also a constant.
If X>0, n=0C, +C, cos At + C, sin At . By the periodic condition, it is considered into two cases :

- = 27 n this case, ¢, and ¢, must vanish and it implies ¢ to be a constant.
3 :

- = 27” Here ¢ is equal to 5 = C, + C. cos \t + C, sin \t, Where ( is an arbitrary constant,
C, —— H,C, +AC; = — H,C; + AC, By the condition (3.5),
2H, 2H,
¢ =A[(Cs = Cyu)cos Mt + (—C; + Cyu)sin A
The solution of equation «, + wu, = C\(u —u")’ + H,u’ + H,u + H, can be found from the characteristic

equations, i.e. ,, — e*fp « fqef" “dt+ 3z —¥(t))|» Where

C, cos A\t — O, sin Xt = C cos At — O sin At )= fC6 +Crcos At 4 Cysin Mt
C, + C, cos At + C, sin At C, + C, cos At + C; sin \t ~J 0, +C,cos Mt + C, sin Mt




§ is an arbitrary function, C\,C;,C,,C;,Cy, H,, H,, H, are arbitrary constants, H, = 0, r,C,,C,
are the constants which were defined in this section.

(2) If &= 1, equation (3.15) implies ¢ _ [%]W(t)x 4+ (1), Where ¢,(¢) is an arbitrary function of ¢.

Substitute ¢ into the DME and differentiate it w.r.t. both z and «, we obtain [%]H”(u)n"(t) -0

This may be considered into two subcases.
(@) H"(u) = 0. This implies »"(¢) = 0. Similar to the previous case,  is a constant. The DME is reduced

to & "(t) — H'(u)&,'(t) = 0. The derivative of the equation w.r.t. w shows H "(u),'(t) = 0, which means
¢, is a constant. This shows both ¢ and 5 are constants.
(b) H"(v)=0. Then H = Hu+ H,, Where H H, are arbitrary constants. Derivative of the DME

W.rt w is [5%2]77"(,5) —Hn'(t)=0-

If 6 =2, the derivative of the DME w.r.t. z gives us »"(t) — H,n"(t) = 0. Similar to the previous
case, n is aconstant. The DME isalso ¢, "(t) — H,¢&,'(t) = 0 and its solution is a constant.

If &= 2. For arbitrary constant f7, and periodic property, » must be a constant. The DME is
£"(t)— H,&'(t) = 0 and its solution is a constant.
Both subcases show equation v, + uu, = C,(u —u")""" + H(u), for § = —1, has the same solution with

the kernel case.
Case ¢ =0. Equation (3.15) shows p'(t)=0, ie. n is a constant. The DME is reduced to

H(u)¢, — H'(u)(& +ug,) +u’E, +2ué, + &, =0. In order to classify a solution of DPDE, we have to
analyze by the following cases :
(1) ¢, = 0. The DME is simplified to £"(¢) — H'(u)¢'(¢) = 0. Its derivative w.r.t. w is —H "(u)¢'(t) = 0.
If H"(u)=0, then H = Hwu+ H,, Where H H, are arbitrary constants. The DME is
E"(t)— H,£'(t) = 0. With the periodic condition, ¢ can be only a constant.
If 7"(u)=0,then ¢'(+) = 0 which show ¢ is also a constant.
(2) ¢, = 0. The third derivative of the DME w.r.t. » can be rewritten as

(3.16) [2— + u] HY(u) + 2H" (u) = 0

The derivatives of equation (3.16) w.r.t. z and ¢ give 4
dt

é]H“)(u) _0 andi[i]Hm(u): 0. We
£, dr\¢&,
consider the problem into two subcases :
- HY(u)=0 then H"(y) =0 which makes H = Hu’ + H,u + H, satisfying equation (3.16). The
second derivative of the DME w.r.t. v is 2(5" — ngz) =0.
If H =0 then ¢(x,t) = & (t)z + & (t) . The derivative of the DME w.r.t. u shows 2¢ '(t) =0, i.e. ¢ isa
constant. The DME is &, "(t) — H,&,'(t) + H,& = 0. Let \ = (H,)" — 4H,¢,. With the periodic condition,
function ¢, can be found according to X :
(@ A>0. ¢ must be a constant. Then the DME is H.,(, =0. If H, =0 then ¢ =0. Thus
u, + uu, = C (v —u") + H, admits the same generator and has the same solution with the kernel case.
However, if 7, =0 and ¢ = 0 then v, + wu, = C,u + C,u”, where C,,C, are arbitrary constants, admits
(4 +6&)0, + 10, + &uo, and has a solution o = (¢ + &)F (nln(§z + &) — &), Where § is an
arbitrary function. This solution reduces the equation (3.17) into an FODE,

FOOmE () - 1+[F00] =CF () + CF (x +&7)
where ¢ = 0, n are arbitrary constants and y = nIn(&z +&,) — &t -

H2
(b) A< 0.Let p =+ —X/2.Then = e (03 cos pt + C, sin pt)- With the periodic condition, #, must
be identical to zero, H,¢ > 0 and ; — 277 Then equation v, + wu, = C,(u —u") + H,, H, = 0, admits

(& + Cycospt + C,sinpt)d, +nd, + (§u — Cypsin pt + Cypcos pt)d,,



where p = [H.£,C,,C, are arbitrary constants. This case is too complicated to find an exact form of a

solution.
If H =0 then ¢(a,t) = & (t)e™ + &,(¢). The derivative of DME w.r.t. w is —2H &, '(t) = 0 which means

&'t)=0 or ¢ is a constant. DME is simplified to ™~ (&"(t) — H,&"(t) + HH,£ () =0-
A\ = (H,)’ — 4H,H,. With the periodic condition, function ¢ can be found according to X :

(@ A >0. & must be a constant.

If i, >0,then ¢ =0 and DME vanishes, i.e. the solution form is not different to the kernel case.

If H, =0, then ¢ is any constant. The DME is H H (e™ = 0. If H, = 0, the equation has the similar
solution with the previous case. On the other hand, 7, = 0 implies v, + vu, = C\(u —u") + Hu* admits

A Hx .
g6 1+ €)0, +nd, + & Hue™d, - This means _ Ha ‘ n 4 e _¢| s a
(6" + )0, +n0, + 68, u=l6e )| g | g v g,

2
solution of the equation and reduces the FPDE to z'(@) = ¢, $O)=FO+7)+ HE[SO)] | where
n3(O)-1

__n ln[ e ]—t and ¢, is an arbitrary constant.
&H, e + &,

Hy
(b) Let p=+/~X/2. Then £ = e?' (C, cos pt + C, sin pt)- With the periodic condition, {7, must be
identical to zero, H H, >0 and , — 27 Then equation v, +wu, = C,(u —u")+ Hu* + H,, H, =0,
: 3 , . :

admits
(eH”‘ (C, cos pt + C,sin pt) + 52) 9, +nd, +e"* [Hlu(C3 cos pt + C, sin pt) + p(—C, sin pt + C, cos pt)}au,
where p = [H H, and C,,C, are arbitrary constants. This case is too complicated to find an exact form of

a solution.
- HW(u) = 0.1t means ¢ /¢ is a constant which has a solution ¢ = o(z + Kt), Where K is a constant

and ¢ is an arbitrary function. Substitute ¢ into equation (3.16), then (K + u)H" (u) 4+ 2H "(u) = 0. The
equation has a solution H(u)= H,(K + u)In(K +u)+ Hu’ + Hu + H,, Where H H, H, H,are
constants. The DME is simplified to
u’ [1//"— sz/']+u[2k1//"—(H1 +2H1K)1//']+ Kzz//"+[H4 -K(H, + H3)]z//': 0.
Splitting the equation w.r.t. »* and u shows ¢ is a constant. This case has the same solution with the
kernel case.
3.2.3 dimv =1. Here <A’B’C> can be represented by <A,B,O>:<a,ﬁ,’7>gb(u,u7)y where «, 3,y are
arbitrary constants which <a, @7) = (0,0,0) and ¢ is a nonconstant function. The system of equations

corresponding to the vector is

(3.17) (u—u")g" = ap(u,u’),
(3.18) g'—(u—u")g" = Bp(u,u”),
(3.19) —[uQ — (uT)Q]g”—Q— 3ug'—2u"g' = yp(u,u’)-

- Case ¢ = 0. Equation (3.19) can be derived from equation (3.17) and (3.18) into
[(2a + 3B)u + (—3a —28)u” —v]¢p =0
Since ¢ is not identical to zero then its coefficient must vanish and implies o = 3=~ = 0. This

contradicts to the assumption.
- Case o = 0. Here ¢" =0, which implies g = C\ (v —u") + C,, where C,,C, are arbitrary constants.

Substitute ¢ into equation (3.18), ¢, = B¢(u,u”) is obtained. If G =0, it implies ¢, =0 and ¢ is a
constant which is invalid. Also if 3 does not vanish, the equation implies ¢ is a constant function which

also contradicts to the assumption.
This proves that case dimV =1 is invalid.

3.2.4 dimV =0. <A, B,C> can be consider as a constant vector (qy, 3,7) , i-e.
(3.20) (u—u")g" = a,
(3.21) g'—(u—u)g" =3,



(3.22) —{uQ — (uT)Q]g”—ﬁ— 3ug'-2u"g' = v,
where q, (3,~ are arbitrary constants. Substitute equation (3.20) into equation (3.21), it leads to g'= o + j3
and ¢" = 0. Substitute both values into equation (3.22), the equation is reduced to

8o+ B)u— 20+ B’ =7
By the arbitrariness of w and «”, o + 3 vanishes which makes ¢'= 0. It contradicts to the assumption. This
case is invalid also.

4 Conclusion

Solutions of equation u, +uu, = C,(u—u") + Hu’ + Hyu + Hy, u, + uu, = Cyu + Cyu’
u, +uu, = C(u—u")+ Hu* and v, + uu, = C,(u —u") + H,u’ + H, are presented in the article. For other
forms of equation w, + wu, = g(u —u") + H(u), where ¢ H are arbitrary functions, the solution is
u = f(nz — &t) Where f is an arbitrary function and ¢, 5 are arbitrary constants.

5 Acknowledgement

This work is supported by Comission On Higher Education and Thailand Research Fund, grant number
MRG4880145, and Suranaree University of Technology. Author is deeply indebted to Prof.Sergey Meleshko
for his numerous help. I would like to express my sincere thank to him and Asst.Prof.Dr.Apichai Hematulin.

6 References

[1] J. D. Logan, An introduction to nonlinear partial differential equations, New York: John Wiley & Sons,
1999.
[2] R. D. Driver, Ordinary and Delay Differential Equations, New York: Springer-Verlag, 1977.

[3] J. Tanthanuch, Symmetry Analysis on %(:& t) + u(z, t)%(a:,t) = G (u(z,t — 7)) Proceeding of IMT-GT
T

2006 Regional Conference on Mathematics, Statistics and Applications., Universiti Sains Malaysia, Pulau
Pinang, Malaysia, Vol. I - Pure Mathematics ISBN : 983-3391-86-9, 37-41.

[4] J. Tanthanuch and S. V. Meleshko, On definition of an admitted Lie group for functional differential
equations, Communication in Nonlinear Science and Numerical Simulation, 9 (2004), 117-125.

[5] J. Tanthanuch and S. V. Meleshko, Application of group analysis to delay differential equations. Nonlinear
acoustics at the beginning of the 21st century. Moscow: Moscow State University, 2002, pp. 607-610.

[6] J. Tanthanuch, Application of Group Analysis to Functional Differential Equations, Ph.D. Thesis,
Nakhonratchasrima, Thailand: Suranaree University of Technology, 2003.

[7] L. V. Ovsiannikov, Group Analysis of Differential Equations, New York: Academic Press, 1982.

[8] N. H. Ibragimov, Elementrary Lie Group Analysis and Ordinary Differential Equations, London: John
Wiley \& Sons Ltd, 1999.

[9] N. H. Ibragimov, Lie group analysis of differential equations, Vol.1-3., Florida: CRC Press., 1994.



