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�Îµ�¸ÊÂ��  :    
1. �o°­°��¦�́¥¤̧�Îµ�ª� 16 ®�oµ �¦ª¤��� 30 �o° �o°¨³ 1 �³Â�� ¦ª¤�³Â���´Ê�­·Ê� 30 �³Â��  
2. �o°­°��¦�́¥Â�n¨³�o°�³¤̧�´ªÁ º̈°� 5 �´ªÁ º̈°� ��Á º̈°��´ªÁ º̈°��¸É�¼��¸É­»�Á¡̧¥��o°Á�¸¥ªÁ¡ºÉ°¦³�µ¥
¨�Ä��¦³�µ¬�Îµ�°� �µ¦¦³�µ¥�Îµ�°�¤µ��ªnµ 1 �Îµ�°�Ä��o°�́Ê��³�º°ªnµ �o°�́Ê��°�Å¤n�¼��o°� 
3. �·�­°�¸É�³Ä�o¦³�µ¥�o°�Á�}��·�­°�¸É¤̧¦³�´��ªµ¤Á�o¤Á�¸¥�Á�nµ®¦º°¤µ��ªnµ 2B 
4. �́�«¹�¬µ­µ¤µ¦���¨�Ä��o°­°�Å�o 
5. Ä®o�́�«¹�¬µÁ�¸¥� �ºÉ° � ­�»¨, Á¨��¦³�Îµ�´ª Â¨³ Á¨��¸É�́É�­°� ¨�Ä��o°­°�®�oµÂ¦� ¡¦o°¤�´Ê�
Á�¸¥��ºÉ° � ­�»¨, Á¨��¦³�Îµ�´ª Â¨³ Á¨��¸É�́É�­°� ¡¦o°¤�´Ê�¦³�µ¥¦®́­�́�«¹�¬µÂ¨³ª·�µ ¨�Ä�
�¦³�µ¬�Îµ�°�Ä®oÁ¦̧¥�¦o°¥ 
6. Å¤n°�»�µ�Ä®o�ÎµÁ°�­µ¦Â¨³Á�¦ºÉ°��Îµ�ª�Ä�Ç Á�oµ®o°�­°��°��µ��´�¦�¦³�Îµ�´ª�́�«¹�¬µ 
7. ®oµ¤�́�«¹�¬µ�Îµ�o°­°�°°��µ�®o°�­°�Ã�¥Á�È��µ� 
 
 

®oµ¤Á�d��o°­°��n°�Å�o¦´�°�»�µ� 
 

 
 
 

°µ�µ¦¥r�¼o­°��...................................  
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2. ��®µ�nµ�¦·¡́��r�  
ln3 ln 2

0 0

x ye e dxdy   
 
 (1) ln 3  
 (2) ln 6  
 (3) ln 9  
 (4) ln12  

(5) ln 24  

1. ��®µ�nµ�¦·¡́��r�  
3

R

y
dA �Á¤ºÉ°�  ( , ) | 1 2,0 4x y x yR       

 (1) 2 
 (2) 4 
 (3) 6 
 (4) 8 
 (5) 10 
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4. �¦·¤µ�¦�°��¦��´��´�� n̈µªÁ�nµ�´�Á�nµÄ� 
 
 (1) 243 ¼̈��µ«�r®�nª¥ 
 (2) 486 ¼̈��µ«�r®�nª¥ 
 (3) 729 ¼̈��µ«�r®�nª¥ 
 (4) 972 ¼̈��µ«�r®�nª¥ 
 (5) 1024 ¼̈��µ«�r®�nª¥ 
 

��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 3 � 4 
¡·�µ¦�µ�¦��´� G  �¹É�°¥¼nÄ�°´�£µ� (octant) �̧É®�¹É� Â¨³�¼��d� ö°¤�oª¥¦³�µ� 0,  0,  4x y y    

0z �Â¨³�·ªÃ�o�   3 27x z   

3. �°�Á���°��´ªÂ�¦� x ��¸É�³Ä�oÄ��µ¦®µ�¦·¤µ�¦�°��¦��´��G ��º°�o°Ä� 
 
 (1) 2 2x    
 (2) 0 2x   
 (3)  3 3x     
 (4) 0 3x   

(5) 4 4x    
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5. �nµ�°�  
1 1

0
   

x

y

e
dx dy

x    �º°�o°Ä� 

 Â�³�Îµ�Ä®o�¦³¥»��rÄ�o�§¬�¸���°� Fubini Á¡ºÉ°®µ�nµ�¦·¡́��rÄ��o°�̧Ê 
 
 (1) 0 
 (2) 1 
 (3) 1e  
 (4) e  
 (5) 1e  

6. �nµ�°��¦·¡́��r 
27 8

3
0 0

  
x

dx dy
y    �º°�o°Ä� 

 
 (1) 12 
 (2) 36 
 (3) 72 
 (4) 144 
 (5) 162 
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 7 � 8 

¡·�µ¦�µ�¦·¡́��r 
ln

1 0
 ( , )  

e y
f x y dx dy   �¹É�¢{��r�́�� ( , )f x y  �n°Á�ºÉ°�

���¦·Áª��¸É�o°��µ¦®µ�nµ�¦·¡́��r 
 Ã�¥�§¬�¸���°� Fubini Á¦µ�¦µ�ªnµ  

 
ln ( )

1 0 ( )
 ( , )   ( , )  

e y b g x

a f x
h x y dx dy h x y dy dx     

 

�. a b �¤̧�nµÁ�nµ�´� 
 (1) 1

2
 

 (2) 3

2
 

 (3) 1
ln

2
 

 (4) 1
ln 1

2
   

(5) e  

8. '( )g x   �°�»¡́��r�°�¢{��r�́�� ( )g x  Á�¸¥��´��´ªÂ�¦� x � ¤̧�nµÁ�nµ�´�Á�nµÄ� 
 (1) 0 
 (2) 1 
 (3) 1

x
 

 (4) ln x  
 (5) xe  
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 9 � 12 

¡·�µ¦�µ�¦·¡́��r   x d

R

A   Á¤ºÉ°�R �Á�}��¦·Áª���¦³�µ�� xy � 

�¹É��¼��d� ö°¤�oª¥Á­o�Ã�o�� 28y x  �Â¨³Á­o��¦�� 2y x  

9. �»�Ä�Á�}��»��´��°�Á­o�Ã�o�� 28y x  �Â¨³Á­o��¦�� 2y x  
 (1) (-4,8) Â¨³�(2,-4) 
 (2) (-4,-8) Â¨³�(2,4) 
 (3) (2,4) Â¨³�(4,8) 
 (4) (-2,4) Â¨³�(4,-8) 
 (5) (-2,-4) Â¨³�(4,8) 
 

10. �¦·Áª�� R �¤̧¡ºÊ��¸ÉÁ�nµ��́Á�nµÄ� 
 (1) 16 �µ¦µ�®�nª¥ 
 (2) 20 �µ¦µ�®�nª¥ 
 (3) 24��µ¦µ�®�nª¥ 
 (4) 28 �µ¦µ�®�nª¥ 
 (5) 36 �µ¦µ�®�nª¥ 
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

12. �¦·¡́��r   x d

R

A ¤̧�nµÁ�nµ�´�Á�nµÄ� 

 (1) -36 
 (2) -12 
 (3) 12 
 (4) 24 
 (5) 36 

11. ­nª��°��¦·Áª�� R ��̧É°¥¼nÄ��´�»£µ��̧É�1 �1st quadrant��¤̧¡ºÊ��¸ÉÁ�nµ�´�Á�nµÄ� 

 (1) 16

3
�µ¦µ�®�nª¥ 

 (2) 20

3
�µ¦µ�®�nª¥ 

 (3) 24

3
�µ¦µ�®�nª¥ 

 (4) 28

3
�µ¦µ�®�nª¥ 

 (5) 32

3
�µ¦µ�®�nª¥ 
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 

��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 13 � 16 
¡·�µ¦�µ�¦��´� G  �¹É�°¥¼nÄ�°´�£µ� (octant) �̧É®�¹É� Â¨³�¼��d� ö°¤�oª¥¦³�µ� 1x y z    

13. ��®µ­¤�µ¦Á­o��¦� �¹É�Á�·��µ��µ¦�´��´��°�¦³�µ� 1x y z    Â¨³¦³�µ� xy  
 

 (1) 1x y   
 (2) 1x y   
 (3) 1y x   
 (4) 1y x   
 (5) 1y x   

14. �»�Ä�Å¤n°¥¼n��¦³�µ�� 1x y z    

 
 (1)  (0,1,0)  
 (2)  (0,0,1) 
 (3)  (1,1,0) 

(4)  (1,0,0) 
(5)  (1,1,-1) 
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

15. �¦·¤µ�¦�°��¦��´� G  ¤̧�nµÁ�nµ�´�Á�nµÄ� 
 
 (1) 1 ¼̈��µ«�r®�nª¥ 
 (2) 1

2
 ¼̈��µ«�r®�nª¥ 

 (3) 1

4
 ¼̈��µ«�r®�nª¥ 

 (4) 1

6
 ¼̈��µ«�r®�nª¥ 

 (5) 1

8
 ¼̈��µ«�r®�nª¥ 

 

16. �nµ�¦·¡́��r�  
G

x dV �¤̧�nµÁ�nµ�´�Á�nµÄ� 

 
 (1) 1

24
  

 (2) 1

12
 

 (3) 1

8
  

 (4) 1

6
  

 (5) 1

4
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

17. �o°Ä�Á�}��»���́�°�¦¼��´Ê�­°�Ä�¡·�´��µ� 
 (1) (0,2) Â¨³�(0,-2)  

(2) (2, 0) Â¨³�(-2,0) 
(3) (2,0) Â¨³�(2,  ) 

 (4) (2, 
2

 ) Â¨³�(2, 3
2


)  

 (5) (2,0) Â¨³�(2, 2 ) 

��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 17 � 20 

¡·�µ¦�µ�¦·Áª��R ��¹É�°¥¼n£µ¥Ä�¦¼�®́ªÄ�� 2 2sinr   �Â¨³°¥¼n£µ¥�°�ª��¨¤�¸É¤̧�»�«¼�¥r�¨µ�
�¸É�»���0,0��Â¨³¤̧¦́«¤̧Á�nµ�´��2 

18. �o°Ä�Á�}��»���́�°�¦¼��´Ê�­°�Ä�¡·�´�Á�·��́Êª 
 (1) (0,2) Â¨³�(0,-2)  

(2) (2, 0) Â¨³�(-2,0) 
(3) (2,0) Â¨³�(2,  ) 

 (4) (2, 
2


) Â¨³�(2, 3

2


)  

 (5) (2,0) Â¨³�(2, 2 ) 



 

 

®�oµ�̧É�11/16 
�ºÉ° - ­�»¨....................................................Á¨��¦³�Îµ�´ª..................................Á¨��¸É�´É�­°�..................... 

¦®´­ª·�µ 103105  �ºÉ°ª·�µ CALCULUS III    °µ�µ¦¥r�¼o­°�  �«.�¦.Á�¬�µ  �́���»� 
 

°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

20. ��®µ�nµ�
1

R
dA

r  

 

 (1) 1 
 (2) 2 

(3) 4 
 (4) 8 

(5) 16 

19. �¦·Áª�� R  °¥¼nÄ��´�»£µ���quadrant��Ä��oµ� 
 (1) �´�»£µ��¸É�1�Â¨³�2  

(2) �´�»£µ��¸É�2�Â¨³�3 
 (3) �´�»£µ��¸É�3�Â¨³�4 
 (4) �´�»£µ��¸É�1�Â¨³�4  
 (5) °¥¼n�´Ê��4 �´�»£µ� 
®¤µ¥Á®�» 1. �°�Á���°��´ªÂ�¦Ä��´�»£µ��¸É�1 �º° 0, 0x y   Â¨³� 0

2


   

2. �°�Á���°��´ªÂ�¦Ä��´�»£µ��¸É�2 �º° 0, 0x y   Â¨³�
2


    

3. �°�Á���°��´ªÂ�¦Ä��´�»£µ��¸É�3 �º° 0, 0x y   Â¨³� 3

2
     

4. �°�Á���°��´ªÂ�¦Ä��´�»£µ��¸É�4 �º° 0, 0x y   Â¨³� 3 2
2
     
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 21 � 22 

 

¡·�µ¦�µ�¦·Áª��R ��¹É�°¥¼nÄ���»£µ��¸É�1 �1st quadrant���¼��d� ö°¤�oª¥Á­o��¦� 3y x , 
3

x
y   

Á­o�Ã�o� 2 2 1x y   Â¨³ Á­o�Ã�o� 2 2 16x y   

21. �o°Ä�Á�}��»���́�°�Á­o��¦� 3y x  Â¨³�Ã�o� 2 2 1x y  �Ä�¡·�´�Á�·��´Êª 
 

 (1)  (1, 
3


) Â¨³�(1, 4

3


)  

 (2) (1, 
4


) Â¨³�(1,3

4


) 

 (3) (1, 
4


) Â¨³�(1,5

4


) 

 (4) (1, 
6


) Â¨³�(1,5

6


) 

 (5) (1, 
6


) Â¨³�(1, 7

6


) 

 

22. ¡ºÊ��¸É�°��¦·Áª��R  ¤̧�nµÁ�nµ�´�Á�nµÄ� 

 

 (1)  
2


 �µ¦µ�®�nª¥ 

 (2) 3
4

  �µ¦µ�®�nª¥ 

 (3)   �µ¦µ�®�nª¥ 

 (4) 5
2


 �µ¦µ�®�nª¥ 

 (5) 5
4


 �µ¦µ�®�nª¥ 
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°µ�µ¦¥r�¼o­°��...................................  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 23 � 26 

 

 ¡·�µ¦�µ�¦��´�¦¼��¦�­¸É®�oµ G  �¹É�¤̧�»�¥°��¸É�»� (1,1,1) , (1,0,0) , (0,1,0) Â¨³ (1,1,0)  

��®µ�nµ�¦·¡́��r�°�¢{��r�́� ( , , )f x y z x  ���¦��´��´�� n̈µª 
 

   
2 2

1 1

  ( , , )   
h g

h g
f x y z dz dy dx




      

23. �o°Ä�Á�}�­¤�µ¦¦³�µ��¹É�Á�}��·ª�� (¡·�µ¦�µÄ�Â�ªÂ�� z ) �°�¦¼��¦�­¸É®�oµ G  

 

 (1) z x y   

 (2) 1z x y    

 (3) 1z x y    

 (4) 1z x y    

 (5) 1z x y    
 

24. �¦·Áª�  R   �¹É�Á�}�£µ¡�µ¥�°��¦��´��´�� n̈µª��¦³�µ� xy   �º°�o°Ä� 

 

 (1) 0    1,    0    1x y     

 (2) 0    1,        1x x y     

 (3) 0    1,    0    x y x     

 (4) 0    1,    0    1-x y x     

 (5) 0    1,    1-     1x x y     
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25. �¦��´� G   ¤̧�¦·¤µ�¦Á�nµ�´�Á�nµÄ� 
 
 (1) 1

8
 ¼̈��µ«�r®�nª¥ 

 (2) 1

6
 ¼̈��µ«�r®�nª¥ 

 (3) 1

4
� ¼̈��µ«�r®�nª¥ 

 (4) 1

2
� ¼̈��µ«�r®�nª¥ 

 (5) 1 ¼̈��µ«�r®�nª¥ 
 

26.    ¤̧�nµÁ�nµ�´�Á�nµÄ� 
 

 (1) 1

8
  

 (2) 1

6
� 

 (3) 1

4
� 

 (4) 1

2
 

 (5) 1 
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��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 27 � 30 

 ¡·�µ¦�µ�nµ�¦·¡́��r­µ¤�́Ê�Ä�¦³��¡·�́��¦��¦³�°� 

   

22 8
3

0
2

  sin cos    
r

r
r z dz dr d



   
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27. ¢{��r�́� ( , , )f x y z   ¤̧�nµÁ�nµ�´�Á�nµÄ� 

 (1) 3 3x y z  

 (2) 2 2z x y  

 (3) xyz  

 (4) xy  

 (5) 2 2xyz x y  

28. ( )d cb a    ¤̧�nµÁ�nµ�´�Á�nµÄ� 

 (1) 1

16
 

 (2) 1

4
 

 (3) -4 

 (4) 4 

 (5) 16 
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29. 3 4( ) ( )h y h y   ¤̧�nµÁ�nµ�´�Á�nµÄ� 

 (1) 22 4 y   

(2)  24 y    

 (3) 0 

 (4) 24 y  

 (5) 22 4 y  

30.    ¤̧�nµÁ�nµ�´�Á�nµÄ� 

 (1) -8 

 (2) -4 

(3) 0 

 (4) 4 

 (5) 8 
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�o° �³Â�� 
 Á�È¤ Å�o 
1 10  

 
�Îµ�¸ÊÂ���: 
1. �o°­°�Â��°´��´¥���Îµ�ª��1 �o°��¦ª¤�10 �³Â�� 
2. �o°­°�¤¸�Îµ�ª��� ®�oµ�(¦ª¤��) 
3. Ä®o�´�«¹�¬µÂ­��ª·�¸�ÎµÃ�¥¨³Á°¸¥�¨�Ä��¸Éªnµ��̧ÉÁªo�ÅªoÄ�Â�n¨³�o°Ä��o°­°���´�
�¸ÊÁ�nµ�́Ê�� ®µ�¡ºÊ��¸É�°�Å¤n¡°��Ä®oÄ�o�oµ�®¨´��°�Â�n¨³Â�n��®µ�Å¤n­µ¤µ¦�°nµ�¨µ¥¤º°
�°��´�«¹�¬µÅ�o��³Å¤n�Îµ�µ¦�¦ª�Ä��o°�´��¨nµª 

4. Ä®o�´�«¹�¬µÁ�¸¥���ºÉ°-­�»̈ ��Á¨��¦³�Îµ�ª́��Â¨³Á¨��¸É�´É�­°���»�®�oµ 
5. ®oµ¤Ä®oÄ�oÁ�¦ºÉ°��Îµ�ª��»���·� 
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®¤µ¥Á®�»� 
1. �µ¦ªµ�¦¼��¦·Áª� R �Ä®o¦³�»Â���°�¡·�́��¸ÉÄ�oÄ��µ¦ªµ� 
2. Ä®o¦³�»ªnµÁ­o��¦�Â¨³Á­o�Ã�o��¸Éªµ��Á�}�Á­o��¦�Â¨³Á­o�Ã�o��µ�­¤�µ¦Ä�� 
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°µ�µ¦¥r�¼o­°��...................................  

��®µ�¦·¤µ�¦�°��¦��´��¹É�°¥¼n£µ¥Ä�o�·ªÃ�o�� z x �Â¨³Á�}��¦��´�°¥¼nÁ®�º°�¦·Áª�� R ��¸É°¥¼nÄ��́�»£µ��¸É®�¹É��

�1st quadrant��Ã�¥�¼� ö°¤¦°��oª¥Á­o�Ã�o�� 12
y

x
 ,�Á­o��¦�� 3y x �Â¨³Á­o��¦�� 4x  ��������10��³Â��� 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

£µ¡�¦·Áª� R  ��¦³�µ�� xy ����4��³Â��� 
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