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��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 1� 4 

 ¡·�µ¦�µ�¦·¡́��r 
34 2

0
   y

x
e dy dx   

 Ã�¥�§¬�¸���°� Fubini Á¦µ�¦µ�ªnµ  
 

  
3 3 34 2 ( )

0 ( )
         

b g y
y y y

x a f y
R

e dy dx e dA e dx dy       

1. �»�Ä��n°Å��¸ÊÅ¤n°¥¼n���¦·Áª� R  �¹É�Á�}��¦·Áª��¸É¡·�µ¦�µ­Îµ®¦´��µ¦®µ�nµ�¦·¡́��r 
 (1) (0,0) 
 (2) (0,1) 
 (3) (1,1) 
 (4) (2,4) 
 (5) (4,2) 
 

2. '( )f y   ¤¸�nµÁ�nµ�´�Á�nµÄ� 
 (1) 0 
 (2) 2x  
 (3) 2 y  
 (4) 2x  
 (5) 2y  
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4. �nµ�°�  
34 2

0
   y

x
e dy dx    �º°�o°Ä� 

 

 (1) 
8 1

3

e 
 

 (2) 
8

3

e
 

 (3) 
8

3
 

 (4) 2  
 (5) 1 

3. '( )g y   ¤¸�nµÁ�nµ�´�Á�nµÄ� 
 (1) 0 
 (2) 2x  
 (3) 2 y  
 (4) 2x  
 (5) 2y  
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��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 5 � 8 
 ¡·�µ¦�µ�nµ�¦·¡́��r­µ¤�́Ê�Ä�¦³��¡·�́��µ� 

   
2 2 2

2 2

2 2 20 25 50

5 0
     

x x y

x y

x y z
dz dy dx

z

  

 

 
      

 �nµ�¦·¡́��r­µ¤�́Ê�Ä�¦³��¡·�´��¦��¦³�°��¸ÉÁ�¸¥�Á�nµ�´��º° 

   
2

1

( , )

( , )
  ( , , )   

g r

g r
f r z dz dr d

R




      

5. ¢{��r�́� ( , , )f r z   ¤�̧nµÁ�nµ�´�Á�nµÄ� 
 (1) 2 2r z  

 (2) 
2 2r z

r

  

 (3) 
2 2r z

z

  

 (4)  2 2r z r

z


 

 (5) 
2 2r z

rz

  

6. �o°¤¼¨Ä��n°Å��¸ÊÁ�}��µ¦�¦¦¥µ¥΅�¬�³�°��¦·Áª� R   Ä�¡·�́�Á�·��´ÊªÅ�o�¼��o°� 
 
 (1) 0    ,    0    5

2
r


     

 (2)     ,    0    5
2

r
       

 (3) 3
    ,    0    5

2 2
r

      

 (4) 3
    ,    0    5

2
r


      

 (5) 0    2 ,    0    5r      
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7. �o°¤¼¨Ä��n°Å��¸ÊÁ�}��µ¦�°��nµ¤»¤  Â¨³�nµ   �¹É�Á�}�­nª�®�¹É��°��°�Á���°��µ¦ 
®µ�nµ�¦·¡́��r­µ¤�́Ê�   Ä�¡·�́��¦��¨¤ 

 (1) 0    ,    0    5
4

      

 (2) 0    ,    0    5 2
4

      

 (3) 0    ,    0    5
2


      

 (4) 0    ,    0    5 2
2

      

 (5)     ,    0    5
2


       

 �µ��nµ�¦·¡́��r­µ¤�´Ê�Ä�¦³��¡·�́��µ� 

   
2 2 2

2 2

2 2 20 25 50

5 0
     

x x y

x y

x y z
dz dy dx

z

  

 

 
      

 �nµ�¦·¡́��r­µ¤�́Ê�Ä�¦³��¡·�´��¦��¨¤�¸ÉÁ�¸¥�Á�nµ��́�º° 

     ( , , )   

G

f d d d         

8. ¢{��r�́� ( , , )f      ¤�̧nµÁ�nµ�´�Á�nµÄ� 
 (1) 4 sin   
 (2) 4 tan   
 (3) 3 tan   
 (4) 3 sin   

 (5) 
3

cos



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��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 9-10 
 
Á¤ºÉ°�¦³¥»��rÄ�o�µ¦®µ�nµ�¦·¡́��r­°��́Ê�Ä�¡·��́Á�·��´Êª®µ¡ºÊ��¸É�¹É�°¥¼nÄ���»£µ��¸É 1(1st 
quadrant) Ã�¥°¥¼n£µ¥�°�ª��¨¤�¸É¤¸�»�«¼�¥r�¨µ��¸É�»� (0,0) ¤¸¦«́¤¸Á�nµ�´� 1 Â¨³°¥¼n
£µ¥Ä�Á­o�Ã�o� 1 cosr    ¡�ªnµ 

   ¡ºÊ��¸É  =  2 2

1 1

( , )   
r

r
f r r dr d




    

9. ��¦³�»�»��¹É�Á�·��µ��µ¦�́��´��°�ª��¨¤�´�Á­o�Ã�o���́� n̈µª Â¨³°¥¼nÁ®�º°Â�� x   
 Ä�¦¼�Â���°��¼n°�́�´�Ä�¡·�́��µ¦r�¸Á�̧¥� ( , )x y  
 
 (1)  1,  0  

 (2) 1,  
4

 
 
 

 

 (3) 1,  
3

 
 
 

 

 (4) 1,  
2

 
 
 

 

 (5)  0,  1  

10. ��¦³�»�»��¹É�Á�·��µ��µ¦�́��´��°�ª��¨¤�´�Á­o�Ã�o���́� n̈µª Â¨³°¥¼nÁ®�º°Â�� x   
 Ä�¦¼�Â���°��¼n°�́�´�Ä�¡·�́�Á�·��́Êª ( , )r   
 
 (1)  1,  0  

 (2) 1,  
4

 
 
 

 

 (3) 1,  
3

 
 
 

 

 (4) 1,  
2

 
 
 

 

 (5)  0,  1  
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��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 11.-14. 

�Îµ®��Ä®o  '
y

x y
y e

x
   

12. �o°Ä�Á�}��¨Á�¨¥�´ÉªÅ� (general equation) �°�­¤�µ¦�´��¨nµª  

(1) ln
y

xe x c   

(2) ln
y

xe x c

   

(3) ln
y

xe x c   

(4) ln
y

xe x c

   

(5) ln
y

xe x c    
®¤µ¥Á®�» �Îµ®��Ä®o c  Á�}��nµ���́ªÄ�Ç 

11. ­¤�µ¦Á�·�°�»¡́��r°�́�´��¸É®�¹É��¸É�Îµ®��Ä®oÁ�}�­¤�µ¦��·�Ä� 
(1) ­¤�µ¦°¥nµ��nµ¥ (simple) 

 (2) ­¤�µ¦Â¥��ª́Â�¦Å�o (separable) 
(3) ­¤�µ¦Á°�¡́��»r (homogeneous) 
(4) ­¤�µ¦Á�·�Á­o� (linear) 
(5) ­¤�µ¦Â¤n��¦� (exact) 
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13. �oµ ( , )f x y c  �µ�Ã��¥r�{�®µÄ��o° 12. Á�}��¨Á�¨¥Å¤n�́�Â�o� (implicit 

solution) �°�­¤�µ¦Á�·�°�»¡́��r '
y

x y
y e

x
   ��®µ�nµ c  �¸É�ÎµÄ®o ( , )f x y c  

Á�}��¨Á�¨¥�°��{�®µ�nµ�´Ê��o� 

' ,     (1) 1
y

x y
y e y

x
    

(1) e  
(2) 0 

(3) 
1e  

(4) 1 
(5) e  

14. �oµ ( , )f x y c  �µ�Ã��¥r�{�®µÄ��o° 12. Á�}��¨Á�¨¥Å¤n�́�Â�o� (implicit 

solution) �°�­¤�µ¦Á�·�°�»¡́��r '
y

x y
y e

x
   ��®µ�nµ c  �¸É�ÎµÄ®o ( , )f x y c  

Á�}��¨Á�¨¥�°��{�®µ�nµ�´Ê��o� 

' ,     (1) 1
y

x y
y e y

x
     

(1) e  
(2) 0 

(3) 
1e  

(4) 1 
(5) e  
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��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 15.-18. 

�Îµ®��Ä®o  2 2 0y dx xdy   

15. ­¤�µ¦Á�·�°�»¡́��r°�́�´��¸É®�¹É��¸É�Îµ®��Ä®oÁ�}�­¤�µ¦��·�Ä� 
(1) ­¤�µ¦°¥nµ��nµ¥ (simple) 

 (2) ­¤�µ¦Â¥��́ªÂ�¦Å�o (separable) 
(3) ­¤�µ¦Á°�¡́��»r (homogeneous) 
(4) ­¤�µ¦Á�·�Á­o� (linear) 
(5) ­¤�µ¦Â¤n��¦� (exact) 

16. �o°Ä�Á�}��¨Á�¨¥�́�Â�o� (explicit equation) �°�­¤�µ¦��́� n̈µª  

(1) 
2

ln
y

x c




  

(2) 
2

ln
y c

x


   

(3) 
2

ln
y

x c


  

(4) 
2

ln
y c

x
   

(5) 
1

2 ln
y c

x
   

®¤µ¥Á®�» �Îµ®��Ä®o c  Á�}��nµ���́ªÄ�Ç 
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17. �oµ ( )y y x  Á�}��¨Á�¨¥�°��{�®µ�nµ�́Ê��o� 
2 2 0,   (1) 1y dx xdy y    

��®µ�nµ ( )y e  
(1) -2 
(2) -1 
(3) 0 
(4) 1 
(5) 2 

18. �oµ ( )y y x  Á�}��¨Á�¨¥�°��{�®µ�nµ�́Ê��o� 
2 2 0,   ( ) 1y dx xdy y e     

��®µ�nµ (1)y  
(1) -2 
(2) -1 
(3) 0 
(4) 1 
(5) 2 
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��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 19.-22. 

�Îµ®��Ä®o   2 2 0y x dx xydy    

19. ­¤�µ¦Á�·�°�»¡́��r°�́�´��¸É®�¹É��¸É�Îµ®��Ä®oÁ�}�­¤�µ¦��·�Ä� 
(1) ­¤�µ¦°¥nµ��nµ¥ (simple) 

 (2) ­¤�µ¦Â¥��́ªÂ�¦Å�o (separable) 
(3) ­¤�µ¦Á°�¡́��»r (homogeneous) 
(4) ­¤�µ¦Á�·�Á­o� (linear) 
(5) ­¤�µ¦Â¤n��¦� (exact) 

20. �o°Ä�Á�}��¨Á�¨¥�´ÉªÅ� (general equation) �°�­¤�µ¦�´�� n̈µª  

(1) 
3 2

3 2

y x
c   

(2) 
3 2

3 2

y x
y c    

(3) 
2

2

2

x
xy c   

(4) 2xy x y c    

(5) 
2

2

2

x
xy y c    

®¤µ¥Á®�» �Îµ®��Ä®o c  Á�}��nµ���́ªÄ�Ç 
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21. �oµ ( , )f x y c  �µ�Ã��¥r�{�®µÄ��o° 20. Á�}��¨Á�¨¥Å¤n�́�Â�o� (implicit 

solution) �°�­¤�µ¦Á�·�°�»¡́��r  2 2 0y x dx xydy    ��®µ�nµ c  �¸É�ÎµÄ®o 
( , )f x y c  Á�}��¨Á�¨¥�°��{�®µ�nµ�´Ê��o� 

 2 2 0,     (1) 1y x dx xydy y     
(1) 0 
(2) 1

2
 

(3) 1 
(4) 3

2
 

(5) 2 

22. �oµ ( , )f x y c  �µ�Ã��¥r�{�®µÄ��o° 20. Á�}��¨Á�¨¥Å¤n�́�Â�o� (implicit 

solution) �°�­¤�µ¦Á�·�°�»¡́��r  2 2 0y x dx xydy    ��®µ�nµ c  �¸É�ÎµÄ®o 
( , )f x y c  Á�}��¨Á�¨¥�°��{�®µ�nµ�´Ê��o� 

 2 2 0,     (2) 1y x dx xydy y     
(1) 0 
(2) 1 
(3) 2 
(4) 3 
(5) 4 
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��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 23.-26. 

�Îµ®��Ä®o  2( ) 0y x dx xdy    

23. ­¤�µ¦Á�·�°�»¡́��r°�́�´��¸É®�¹É��¸É�Îµ®��Ä®oÁ�}�­¤�µ¦��·�Ä� 
(1) ­¤�µ¦°¥nµ��nµ¥ (simple) 

 (2) ­¤�µ¦Â¥��ª́Â�¦Å�o (separable) 
(3) ­¤�µ¦Á°�¡́��»r (homogeneous) 
(4) ­¤�µ¦Á�·�Á­o� (linear) 
(5) ­¤�µ¦Â¤n��¦� (exact) 

24. �o°Ä�Á�}��¨Á�¨¥�´�Â�o� (explicit solution) �°�­¤�µ¦��́� n̈µª  
(1) 2y x c   

(2) 
2

3

x
y c   

(3) 
4

3

x
y c   

(4) 2y x cx   
(5) 3y x cx   

®¤µ¥Á®�» �Îµ®��Ä®o c  Á�}��nµ���ª́Ä�Ç 



 

 

®�oµ�¸É�13/31 �ºÉ° - ­�»¨....................................................Á¨��¦³�Îµ�´ª..................................Á¨��¸É
�´É�­°�................. ¦®´­ª·�µ 103105  �ºÉ°ª·�µ CALCULUS III   °µ�µ¦¥r�¼o­°�  °.�¦.Á�¬�µ  �́���»� 

°µ�µ¦¥r�¼o­°��...................................(¨��ºÉ°) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

25. �oµ ( )y y x  Á�}��¨Á�¨¥�°��{�®µ�nµ�́Ê��o� 
2( ) 0,   (2) 0y x dx xdy y     

��®µ�nµ (0)y  
(1) -4 
(2) 4

3
  

(3) 16

3
  

(4) -2 
(5) 0 

26. �oµ ( )y y x  Á�}��¨Á�¨¥�°��{�®µ�nµ�́Ê��o� 
2( ) 0,   (1) 0y x dx xdy y     

��®µ�nµ (0)y  
(1) -1 
(2) 1

3
  

(3) 0 
(4) 1

3
 

(5) 1 
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27. ­¤�µ¦Á�·�°�»¡́��rÄ��n°Å��¸ÊÁ�}�­¤�µ¦Á�·�°�»¡́��rÂ��Â¤n��¦� 
(exact) 

(1) 2 2( 2 ) 0x xy dx x dy    

(2) 23
( 2 ) (3 2 ) 0
2

x x dy xy y dx     

(3) 2( 2 ) 2  0x y dx x dy    
(4) ( ) 0xdy x y dx    
(5) ( 2 )xxdy y xe dx   

28. �oµ 2 4x xy y c    Á�}��¨Á�¨¥Ã�¥�¦·¥µ¥ (implicit 
solution) �°�­¤�µ¦ (2 ) ( 4) 0x y dx x dy     ��®µ�¨Á�¨¥
�́�Â�o��°�­¤�µ¦Á�·�°�»¡́��r�¸Ê 

(1) 
2

4

x xy c
y

 
  

(2) 
24 y x c

y
x

 
  

(3) 
2

4

x c
y

x





 

(4) 
2

4

x c
y

x





 

(5) 
2

4

x c
y

x
   

®¤µ¥Á®�» �Îµ®��Ä®o c  Á�}��nµ���́ªÄ�Ç 
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29. ­¤�µ¦Á�·�°�»¡́��rÄ��n°Å��¸ÊÅ¤nÁ�}�­¤�µ¦Á�·�°�»¡́��r°�́��́�¸É 2 

(1)    3 4
' ''y y  

(2)    3 4' ''y y  

(3)  
2

2d dy
y y

dx dx
   
 

 

(4) ( ' '') 0
d

y y
dx

   

(5) 2( ' '') 0y y   

30. xy e  Å¤nÁ�}��¨Á�¨¥�´ÉªÅ��°�­¤�µ¦Á�·�°�»¡́��rÄ� 
(1)  22 'y y  
(2) 2 '' ' 3 xy y e   
(3) ' 0y y   
(4) '' ' 0y y   
(5) 0ydx dy   
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��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 31.-34. 

�Îµ®��Ä®o '' 0y y   

31. �o°Ä��n°Å��¸ÊÅ¤nÁ�}��¨Á�¨¥�°�­¤�µ¦Á�·�°�»¡́��r�¸É�Îµ®�� 
(1) 2xe   
(2) cosh x  
(3) cos x  

(4) 
3

x
x e

e   

(5) x xe e  

32. �oµ 2 0A B C     Á�}�­¤�µ¦Â�Â¦�Á�°¦·­�·� (characteristic 
equation) ®¦º° Á�}�­¤�µ¦�nª¥ (auxiliary equation) Ä��µ¦®µ�¨Á�¨¥
�°�­¤�µ¦Á�·�°�»¡́��r��́�¨nµªÂ¨oª �o°Ä��n°Å��¸Ê�¨Á�¨¥�°�­¤�µ¦ 

 2 2 4 0A B C       

(1) i  
(2) -1 
(3) 0 
(4) 1 
(5) i  
®¤µ¥Á®�» �Îµ®��Ä®o 1i     
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33. �oµ ( )y y x  Á�}��¨Á�¨¥�°��{�®µ�nµ�́Ê��o� 
'' 0,   (0) 1, '(0) 3y y y y      

��®µ�nµ (ln 2)y  
(1) 0 
(2) 1 
(3) 2 
(4) 3 
(5) 4 

34. �oµ ( )y y x  Á�}��¨Á�¨¥�°��{�®µ�nµ�́Ê��o� 
'' 0,   (0) 1, '(0) 3y y y y      

��®µ�nµ '(ln 2)y  
(1) 0 
(2) 1 
(3) 2 
(4) 3 
(5) 4 
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��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 35.-38. 
�Îµ®��Ä®o   4   4   ( )y y y r x     
Ã�¥¦³Á�¸¥�ª·�̧Á�¸¥�­¤́�¦³­·��·Í (undetermined coefficient) �³�o°�­¤¤�·Ä®o�¨Á�¨¥
Á�¡µ³ py °¥¼nÄ�¦¼�Ä��oµ 

35. 2( ) 2007 xr x e  
(1) 2x

py Ae  

(2) 2x
py Axe  

(3) 2
0 1( ) x

py A A x e   

(4) 2 2x
py Ax e  

(5) 3 2x
py Ax e  

36. 2( ) 2550 xr x e  
(1) 2 x

py Ae  

(2) 2x
py Axe  

(3) 2
0 1( ) x

py A A x e   

(4) 2 2x
py Ax e  

(5) 3 2x
py Ax e  



 

 

®�oµ�¸É�19/31 �ºÉ° - ­�»¨....................................................Á¨��¦³�Îµ�´ª..................................Á¨��¸É
�´É�­°�................. ¦®´­ª·�µ 103105  �ºÉ°ª·�µ CALCULUS III   °µ�µ¦¥r�¼o­°�  °.�¦.Á�¬�µ  �́���»� 

°µ�µ¦¥r�¼o­°��...................................(¨��ºÉ°) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

37. 2( ) 555 xr x xe  
(1) 2

0 1( ) x
py A A x e   

(2) 2x
py Axe  

(3) 2 2
0 1( ) x

py A x A x e   

(4) 2 2x
py Ax e  

(5) 2 3 2
0 1( ) x

py A x A x e   

38. 2( ) 7,000,000 xr x xe  
(1) 2

0 1( ) x
py A A x e   

(2) 2x
py Axe  

(3) 2 2
0 1( ) x

py A x A x e   

(4) 2 2x
py Ax e  

(5) 2 3 2
0 1( ) x

py A x A x e   

��Ä�o�o°¤¼¨�n°Å��̧Ê�°��Îµ�µ¤�o° 35.-38. 
�Îµ®��Ä®o   4   4   ( )y y y r x     
Ã�¥¦³Á�¸¥�ª·�̧Á�¸¥�­¤́�¦³­·��·Í (undetermined coefficient) �³�o°�­¤¤�·Ä®o�¨Á�¨¥
Á�¡µ³ py °¥¼nÄ�¦¼�Ä��oµ 
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��Ä�o�o°¤¼¨�n°Å��¸Ê�°��Îµ�µ¤�o° 39.-44. 

�Îµ®��Ä®o 4     3sin , 0, ' 2
2 2

y y x y y
           
   

 

 
39. ­¤�µ¦Â�Â¦�Á�°¦·­�·� (characteristic equation) ®¦º°­¤�µ¦�nª¥ 
(auxiliary equation) �°�­¤�µ¦Á°�¡́��»r�¸ÉÁ�¸É¥ª�o°��´�­¤�µ¦Å¤nÁ°�¡́��»r�¸É�Îµ®���º° 

(1) 2 4 0    
(2) 2 4   
(3) 2 4   
(4) 2 4    
(5) 2 4    

40. �¨Á�¨¥�°�­¤�µ¦Â�Â¦�Á�°¦·­�·� (characteristic equation) ®¦º°­¤�µ¦�nª¥ 
(auxiliary equation) �°�­¤�µ¦Á°�¡́��»r�¸ÉÁ�¸É¥ª�o°��´�­¤�µ¦Å¤nÁ°�¡́��»r�¸É�Îµ®���º° 

(1) 2 
(2) 0 Â¨³ 2 
(3) -2 Â¨³ 2 
(4) i Â¨³ i   
(5) 2i Â¨³ 2i  
®¤µ¥Á®�» �Îµ®��Ä®o 1i    
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42. ¦¼�Â���°��¨Á�¨¥Á�¡µ³�°�­¤�µ¦�¸É�Îµ®��¤µÄ®o�º°�o°Ä� 
(1)     cospy A x  
(2)     cos 2py A x  

(3)     cospy A x x  
(4)     cos sinpy A x B x   

(5)      cos sinpy x A x B x   

��Ä�o�o°¤¼¨�n°Å��¸Ê�°��Îµ�µ¤�o° 39.-44. 

�Îµ®��Ä®o 4     3sin , 0, ' 2
2 2

y y x y y
           
   

 

 
41. �¨Á�¨¥�´ÉªÅ��°�­¤�µ¦Á°�¡́��»r�¸ÉÁ�¸É¥ª�o°��´�­¤�µ¦Å¤nÁ°�¡́��»r�¸É�Îµ®���º° 

(1) 1 2    cos sinhy C x C x   
(2) 1 2    cos 2 sin 2hy C x C x   
(3) 2

1 2    x
hy C C e   

(4) 2 2
1 2    x x

hy C e C e   
(5)  1 2   cos sinhy x C x C x   

®¤µ¥Á®�» �Îµ®��Ä®o 1 2,c c  Á�}��nµ���́ªÄ�Ç 
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��Ä�o�o°¤¼¨�n°Å��¸Ê�°��Îµ�µ¤�o° 39.-44. 

�Îµ®��Ä®o 4     3sin , 0, ' 2
2 2

y y x y y
           
   

 

 
43. �oµ ( )y x  Á�}��¨Á�¨¥�°�­¤�µ¦Å¤nÁ°�¡́��r��́� n̈µª ��®µ�nµ (0)y  

(1) �2 
(2) �1 
(3) 0 
(4) 1 
(5) 2 

44. �oµ ( )y x  Á�}��¨Á�¨¥�°�­¤�µ¦Å¤nÁ°�¡́��r��́� n̈µª ��®µ�nµ '(0)y  
(1) �2 
(2) �1 
(3) 0 
(4) 1 
(5) 2 
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��Ä�o�o°¤¼¨�n°Å��¸Ê�°��Îµ�µ¤�o° 45.-47. 
�Îµ®��Ä®o 2 2' 3x y xy y x     
Á¦µ�¦µ�ªnµÁ�¨¥�´ÉªÅ��°�­¤�µ¦Á°�¡́��»r�¸ÉÁ�¸É¥ª�°��´�­¤�µ¦Å¤nÁ°�¡́��»r�¸É�Îµ®���º° 

2
1h

c
y c x

x
   

�´��´Ê�Ã�¥ª·�̧�µ¦Â�¦�́��°��´ªÂ�¦Á­¦·¤ (variation of parameters) Á¦µ�³­¤¤�·Ä®o�¨Á�¨¥Á�¡µ³
 py ¤¸�nµ 

( )
( )p

v x
y u x x

x
   

45. ��®µ�nµ ( )u x  
(1) 1 

(2) 
2

x
 

(3) x  

(4) 
3

2

x
 

(5) 2x  

46. ��®µ�nµ ( )v x  

(1) 
3

2

x
  

(2) 
3

2

x
 

(3) 3x  

(4) 
33

2

x
  

(5) 
33

2

x
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47. ��®µ�nµ py  
(1) 1 
(2) x  
(3) 2x  
(4) 3x  
(5) 4x  

��Ä�o�o°¤¼¨�n°Å��¸Ê�°��Îµ�µ¤�o° 48.-50. 
�Îµ®��Ä®o� 

2
( )

( 2)( 2)( 2 2) ( 2 2)

s A B
F s

ss s s


  

  
 

48. ��®µ�nµ A B  

(1) 1

2 1
 

(2) 1

1 2
 

(3) 2

2 1
 

(4) 2

1 2
 

(5) 1 
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49. ��®µ�nµ A B  

(1) 1

2 1
 

(2) 1

1 2
 

(3) 2

2 1
 

(4) 2

1 2
 

(5) 1 
 

50. ��®µ�nµ B A  

(1) 1

2 1
 

(2) 1

1 2
 

(3) 2

2 1
 

(4) 2

1 2
 

(5) 1 
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51. ��®µ�nµ ( )F s Á¤ºÉ° ( )F s  Á�}��µ¦Â�¨�¨µ�¨µ� (Laplace transform) 
�°� 

3 4( ) 3 4x xf x e e   
(1) 

2
( )

7 12

s
F s

s s


 
  

(2) 
2

( )
7 12

s
F s

s s




 
 

(3) 
2

( )
7 12

s
F s

s s


 
 

(4) 
2

( )
7 12

s
F s

s s




 
 

(5) 
2

( )
12

s
F s

s



 

52. ��®µ�nµ ( )F s Á¤ºÉ° ( )F s  Á�}��µ¦Â�¨�¨µ�¨µ� (Laplace transform) 
�°� 

2( ) cos 2xf x e x  
(1) 

2
( )

5

s
F s

s



 

(2) 
2

2
( )

4 4

s
F s

s s




 
 

(3) 
2

( )
4 8

s
F s

s s


 
 

(4) 
2

2
( )

4 8

s
F s

s s




 
 

(5) 
2

( )
4 8

s
F s

s s


 
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53. ��®µ�nµ ( )f x Á¤ºÉ° ( )f x  Á�}��µ¦Â�¨�¨µ�¨µ����́� (inverse Laplace 
transform) �°� 

2

1
( )

4 3
F s

s s


   

(1) 3( ) x xf x e e    

(2) 
3

( )
2

x xe e
f x


  

(3) 3( ) x xf x e e   

(4) 
3

( )
2

x xe e
f x


  

(5) 2( ) sin( )xf x e x  
 

54. ��®µ�nµ ( )f x Á¤ºÉ° ( )f x  Á�}��µ¦Â�¨�¨µ�¨µ����́� (inverse Laplace 
transform) �°� 

2

1
( )

4 5
F s

s s


   

(1) 3( ) x xf x e e    

(2) 
3

( )
2

x xe e
f x


  

(3) 3( ) x xf x e e   

(4) 
3

( )
2

x xe e
f x


  

(5) 2( ) sin( )xf x e x  
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��Ä�o�o°¤¼¨�n°Å��¸Ê�°��Îµ�µ¤�o° 55.-60. 

�Îµ®��Ä®o 2 ' 6 , (0) 1, '(0) 2xy y y xe y y       
Ã�¥�µ¦Ä�o�µ¦Â�¨�¨µ�¨µ� (Laplace transform) �nª¥Ä��µ¦®µ�¨Á�¨¥�°��{�®µ�nµ�́Ê��o� 

55. ��®µ�nµ  'yL Á¤ºÉ° L  Á�}��µ¦Â�¨�¨µ�¨µ� (Laplace transform)  
(1) ( ) 2Y s    
(2) ( ) 1Y s   
(3) ( ) 2sY s   
(4) ( ) 1sY s   
(5) ( ) 2sY s s  

®¤µ¥Á®�» �Îµ®��Ä®o ( )Y s  Á�}��µ¦Â�¨�¨µ�¨µ��°�¢{��r�́� ( )y x  ®¦º°�È�º° { ( )} ( )y x Y sL  
 

56. ��®µ�nµ  ''yL Á¤ºÉ° L  Á�}��µ¦Â�¨�¨µ�¨µ� (Laplace transform)  
(1) 2 ( )s Y s  
(2) 2 ( ) 2 1s Y s s   
(3) 2 ( ) 2s Y s s   
(4) 2 ( ) 2s Y s s   
(5) 2 ( ) 2 1s Y s s   

®¤µ¥Á®�» �Îµ®��Ä®o ( )Y s  Á�}��µ¦Â�¨�¨µ�¨µ��°�¢{��r�́� ( )y x  ®¦º°�È�º° { ( )} ( )y x Y sL  
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57. ��®µ�nµ  2 'y y y  L Á¤ºÉ° L  Á�}��µ¦Â�¨�¨µ�¨µ� (Laplace transform)  
(1) 2( 2 1) ( ) 2s s Y s s      
(2) 2( 2 1) ( )s s Y s s    
(3) 2( 2 1) ( ) 2 1s s Y s s     
(4) 2( 2 1) ( ) 2s s Y s s     
(5) 2( 2 1) ( ) 2 1s s Y s s     

®¤µ¥Á®�» �Îµ®��Ä®o ( )Y s  Á�}��µ¦Â�¨�¨µ�¨µ��°�¢{��r�́� ( )y x  ®¦º°�È�º° { ( )} ( )y x Y sL  
 

58. ��®µ�nµ  xxeL Á¤ºÉ° L  Á�}��µ¦Â�¨�¨µ�¨µ� (Laplace 
transform) 

 
(1) 

2

1

1s 
 

(2) 
2

1

1s 
 

(3) 
2

1

( 1) 1s  
 

(4) 
2

1

( 1) 1s  
 

(5) 
 2

1

1s 
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59. Á¤ºÉ°�Îµ�µ¦Â�¨�¨µ�¨µ��{�®µ�nµ�́Ê��o� 
   2 ' 6 xy y y xe   L L (0) 1, '(0) 2y y  Á¤ºÉ°�Îµ�µ¦�́�¦¼�Ä®¤n ( )Y s  ¤¸�nµ

Á�nµÄ� 

(1) 4

6
( )

( 1)
Y s

s



 

(2) 2 4

1 6
( )

( 1) ( 1)

s
Y s

s s


 

 
 

(3) 2 4

1 6
( )

( 1) ( 1)

s
Y s

s s


 

 
 

(4) 2 4

1 1 6
( )

( 1) ( 1) ( 1)
Y s

s s s
  

  
 

(5) 2 4

1 1 6
( )

( 1) ( 1) ( 1)
Y s

s s s
  

  
 

®¤µ¥Á®�» �Îµ®��Ä®o ( )Y s  Á�}��µ¦Â�¨�¨µ�¨µ��°�¢{��r��́ ( )y x  ®¦º°�È�º° { ( )} ( )y x Y sL  
 

60. �¨Á�¨¥�°��{�®µ�nµ�́Ê��o� 2 ' 6 , (0) 1, '(0) 2xy y y xe y y      �º° 
(1) 2( ) (1 3 )xy x e x x    
(2) 2( ) (1 3 )xy x e x x    
(3) 3( ) (1 )xy x e x x    
(4) 3( ) (1 )xy x e x x    
(5) 3( ) (1 )xy x e x x    
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