
Î̈µ�́�Â¨³°�»�¦¤��sequences and series)
Î̈µ�́�Â¨³°�»�¦¤�Ä��µ���·�«µ�¦r�®¤µ¥�¹��¦¼�Â��
�°��́ªÁ¨��Â¨³��¨¦ª¤�°��́ªÁ¨���¹É�¤¸΅�¬�³�̧Éµ¤µ¦�
�µ�Á�µÅ�o�Á�n�

a.) 1,1,1, � b.)1,2,3,4,5,�

c.) 1,2,4,8,16,� d.) 1,1,2,3,5,8,13,�

e.)1+1+1+1+� f.) 1+2+3+4+5+6+�



Î̈µ�́��(sequences)
Î̈µ�́�Á�}�¢{��r�́���¹É�n��µ��Îµ�ª��´�Å�¥´��Îµ�ª��¦·�

:f  
1 (1)a f

2 (2)a f

3 (3)a f

( )na f n


Á¦µ¤´�Ä�o´��¦�r

Â¨³Á¦¸¥�����������ªnµ¡��r�̧É�n (nth-term)na



��·�«µ�¦rÄ��¦¦¤�µ�·
Î̈µ�́��Fibonacci

1 1 2 3 5 8 13 21 34 55 89

http://www.mcs.surrey.ac.uk/Personal/R.Knott/Fibonacci/fibnat.html#spiral



http://www.popmath.org.uk/rpamaths/rp
ampages/sunflower.html

http://www.mcs.surrey.ac.uk/Personal/R.Knott/Fibonacci

http://www.mcs.surrey.ac.uk/Personal/R.Knott/Fibonacci/fibnat.html#spiral
http://www.popmath.org.uk/rpamaths/rp


��®µ� an �µ� Î̈µ�́��n°Å��¸Ê
1,1,1, �

��®µ� an �µ� Î̈µ�́��n°Å��¸Ê
1,1.1,1.01,1.001, �

http://www.mcs.surrey.ac.uk/Personal/R.Knott/Fibonacci


��®µ� an �µ� Î̈µ�́��n°Å��¸Ê
1,2,3, �

��®µ� an �µ� Î̈µ�́��n°Å��¸Ê
2,4,6,8, �



��®µ� an �µ� Î̈µ�́��n°Å��¸Ê
12,14,16,18, �



��®µ�a1 ,a2 ,a3,a4 ,a5�Á¤ºÉ°�an�¤¸�nµ
10 2na n 



��®µ�a1 ,a2 ,a3,a4 ,a5�Á¤ºÉ°�an�¤¸�nµ
3 2n

na  



��®µ�a3 ,a4 ,a5,a6 ,a7�Á¤ºÉ°�an�¤¸�nµ

1 2n n na a a   1 21, 1a a 



Î̈µ�́�Á¨���·���arithmetic sequences)
Î̈µ�́�Á¨���·��®¤µ¥�¹�� Î̈µ�́��̧É¤¸�¨�nµ�¦nª¤��common 

difference) ®¦º°�

Á�}��nµ���́ª
1n nd a a  



�́ª°¥nµ� Î̈µ�́�Á¨���·�
1,1,1, �
Á�}� Î̈µ�́��̧É¤¸�¨�nµ�¦nª¤�º°



�́ª°¥nµ� Î̈µ�́�Á¨���·�
1,2,3,4,5,�
Á�}� Î̈µ�́��̧É¤¸�¨�nµ�¦nª¤�º°



�́ª°¥nµ� Î̈µ�́�Á¨���·�
3,4,5,6,7,�
Á�}� Î̈µ�́��̧É¤¸�¨�nµ�¦nª¤�º°



¦¼�Â���°� Î̈µ�́�Á¨���·�
Î̈µ�́�Á¨���·���³¤¸¦¼�Â���º°

1 1 1 1, , 2 , 3 ,a a d a d a d   

�¹É��ÎµÄ®oÅ�oªnµ

na 



��®µ¡��r�̧É�20�Â¨³�40��°� Î̈µ�́�Á¨���·��n°Å��¸Ê
3, 7,11,15,...

13,10, 7, 4, ...



��®µ¡��r�̧É�1�Â¨³�100��°� Î̈µ�́�Á¨���·��́�� n̈µª

�oµ¡��r�̧É�6�Â¨³¡��r�̧É�10��°� Î̈µ�́�Á¨���·�®�¹É�¤¸
�nµÁ�}��22�Â¨³�38��µ¤ Î̈µ�́�



¨Îµ�´�Á¨���·��an ®�¹É�¤̧¡��r�̧É�5�Â¨³�11 ¤̧�nµÁ�}��
�3 Â¨³��15�µ¤¨Îµ�´�
¨Îµ�´�Á¨���·��´��¨nµª¤̧�¨�nµ�¦nª¤��º°�

1) 3 2) 2
3) 0 4) -2
5) -3



¨Îµ�´�Á¨���·��an�®�¹É�¤̧¡��r�̧É�5�Â¨³�11 ¤̧�nµ
Á�}���3 Â¨³��15�µ¤¨Îµ�´�
a1 (¨Îµ�´�Á¨���·�¡��r�̧É��)�¤̧�nµÁ�nµ�´�Á�nµÄ��

1) -1 2) 1
3) 3 4) 5
5) 7



¨Îµ�´�Á¨���·��an�®�¹É�¤̧¡��r�̧É�5�Â¨³�11 ¤̧�nµ
Á�}���3 Â¨³��15�µ¤¨Îµ�´�
a100 (¨Îµ�´�Á¨���·�¡��r�̧É����)�¤̧�nµÁ�nµ�´�Á�nµÄ��

1) 193 2) -193
3) 195 4) -195
5) 205



Î̈µ�́�Á¦�µ��·���geometric sequences)
Î̈µ�́�Á¦�µ��·��®¤µ¥�¹�� Î̈µ�́��̧É¤¸°́�¦µnª�¦nª¤��common 

ratio) ®¦º°�

Á�}��nµ���́ª
1

n

n

a
r

a 





�́ª°¥nµ� Î̈µ�́�Á¦�µ��·�
1,1,1, �
Á�}� Î̈µ�́��̧É¤¸°́�¦µnª�¦nª¤�º°



�́ª°¥nµ� Î̈µ�́�Á¦�µ��·�
1,-1,1,-1,1,�
Á�}� Î̈µ�́��̧É¤¸°́�¦µnª�¦nª¤�º°



�́ª°¥nµ� Î̈µ�́�Á¦�µ��·�
2,4,8,16,32,�
Á�}� Î̈µ�́��̧É¤¸°́�¦µnª�¦nª¤�º°



¦¼�Â���°� Î̈µ�́�Á¦�µ��·�
Î̈µ�́�Á¦�µ��·���³¤¸¦¼�Â���º°

2 3
1 1 1 1, , , ,r r r r r r r   

�¹É��ÎµÄ®oÅ�oªnµ

nr 



��®µ¡��r�̧É�5�Â¨³�10��°� Î̈µ�́�Á¦�µ��·��n°Å��¸Ê
5,10, 20,...

1 1
2, 1, , ,...

2 4
 



��®µ¡��r�̧É�1�Â¨³�°́�¦µnª�¦nª¤�°� Î̈µ�́�Á¦�µ��·�
�́�� n̈µª

�oµ¡��r�̧É�3�Â¨³¡��r�̧É�6��°� Î̈µ�́�Á¦�µ��·�®�¹É�¤¸
�nµÁ�}��15�Â¨³�120��µ¤ Î̈µ�́�



¨Îµ�´�Á¦�µ��·��rn�®�¹É�¤̧¡��r�̧É�3�Â¨³�6 ¤̧�nµÁ�}��
8 Â¨³�1 �µ¤¨Îµ�´�
¨Îµ�´�Á¦�µ��·��´��¨nµª¤̧°´�¦µnª�¦nª¤��º°�

1) 2 2)
3) 4)

5)

1

2


1

2
1

8


1

8



r1 (¨Îµ�´�Á¦�µ��·�¡��r�̧É��)�¤̧�nµÁ�nµ�´�Á�nµÄ��
1) 2 2) -4
3) 8 4) -16
5) 32

¨Îµ�´�Á¦�µ��·��rn�®�¹É�¤̧¡��r�̧É�3�Â¨³�6 ¤̧�nµÁ�}��
8 Â¨³�1 �µ¤¨Îµ�´�



1) 2)
3) 1 4) -4
5) 16

r10 (¨Îµ�´�Á¦�µ��·�¡��r�̧É���)�¤̧�nµÁ�nµ�´�Á�nµÄ��

¨Îµ�´�Á¦�µ��·��rn�®�¹É�¤̧¡��r�̧É�3�Â¨³�6 ¤̧�nµÁ�}��
8 Â¨³�1 �µ¤¨Îµ�´�

1

16

1

4




Î̈µ�́��Îµ�́�Â¨³ Î̈µ�́�°�́��r
Î̈µ�́��Îµ�́���finite sequences)�®¤µ¥�¹�� Î̈µ�́��̧É¤¸�Îµ�ª�
¡��r°¥¼nÁ�}��Îµ�ª��Ç�®�¹É�Á�n�

1,2,3,�,100 Á�}� Î̈µ�́��̧É¤¸�Îµ�ª�¡��r°¥¼n�100 ¡��r
10,20,30,�,100 Á�}� Î̈µ�́��̧É¤¸�Îµ�ª�¡��r°¥¼n� �¡��r
1,2,4,�,1024 Á�}� Î̈µ�́��̧É¤¸�Îµ�ª�¡��r°¥¼n� �¡��r



Î̈µ�́�°�´��r��infinite sequences)�®¤µ¥�¹�� Î̈µ�́��̧É¤¸�Îµ�ª�
¡��r°¥¼nÅ¤n�Îµ�́��Á�n�

1,2,3,�,n,...
1,2,4,8,16,�,2n-1,...

1.1,1.01,1.001,1.0001,�,                ,...1
1

10n




1.1,1.01,1.001,1.0001,�,                ,...1
1

10n


¡·�µ¦�µ Î̈µ�́�

na 

Á¤ºÉ°�n�¤¸�nµ¤µ��¹Ê�¤µ�Ç�®¦º°Ä�o´��¦�rªnµ n 

(�Á¦µÁ¦¸¥��������������������ªnµ��n tends to infinity
®¦º°�n�¤¸�nµÁ�}�°�´��r)

n 

na 



Ã�¥nª�Ä®�n�³Ä�o´��¦�r
1

  1 1lim lim
10n n

n n
a

 

     

Â�� n 
1

1 1
10n n

a   

(�Á¦µÁ¦¸¥�ªnµ�limit n tends to infinity of an
®¦º°� ·̈¤·��n�Á�oµ¼n°�´��r�°��an)



�oµ n  Â öª na ¤¸�nµÁ�nµ�́��nµ
Á¦µ�³� n̈µªªnµ Î̈µ�́������ ¼̈nÁ�oµ¼n�nµ�A Á¤ºÉ°�n�¤¸�nµÁ�}�°�´��r�

A

na

�oµ n  Â öª na Å¤n¤¸�nµÄ� öÁ�¸¥��nµÄ�Á�¡µ³
na converges to A as n tends to infinity.

Á¦µ�³� n̈µªªnµ Î̈µ�́������ ¼̈n°°��na

na diverges as n tends to infinity.



�»�¤�́�·�°� ·̈¤·��n�Á�oµ¼n°�´��r�°� Î̈µ�́��an�Â¨³�bn

1.) lim
n

c c


 Á¤ºÉ°�c�Á�}��nµ���́ªÄ�Ç

2.) lim limn n
n n

ca c a cA
 

 

�oµ lim n
n

a A


 lim n
n

b B


Â¨³



3.)  lim lim limn n n n
n n n

a b a b A B
  

    

4.)  lim lim limn n n n
n n n

a b a b A B
  

    



5.)  lim lim limn n n n
n n n

a b a b AB
  

 

6.)
lim

lim
lim

n
n n

n
n n

n

aa A

b b B





 
  

 

Á¤ºÉ°� 0B 



7.) 1
lim 0
n n



8.) 1
lim 0

!n n


9.) lim 0n

n
a


 �oµ�0 1a 

Â¨³� lim n

n
a


¼̈n°°��oµ 1a 



��¡·�µ¦�µªnµ Î̈µ�́��n°Å��¸Ê ¼̈nÁ�oµ®¦º° ¼̈n°°���oµ ¼̈nÁ�oµ
Ä®o¦³�»ªnµ ¼̈nÁ�oµ¼n�nµÄ�

1 2 3
, , , ..., , ...

2 3 4 1

n

n 
21,4,9,16,..., ,...n

1

1 1 1 1
1, , , , ..., , ...

2 4 8 2n
11, 1,1, 1,..., ( 1) ,...n  

2

2 3 4 5 1
, , , , ..., , ...

1 4 9 15

n

n

 4, 2, 0, ..., 6 2 ,...n



°�»�¦¤�(series)
°�»�¦¤Á�}�¢{��r�́���¹É�°¥¼nÄ�¦¼��°��¨�ª��°� Î̈µ�́�
Á�n��1+1+1+1+...

1+2+3+4+...

1-1+1-1+-...

1+2+4+8+16+...



°�»�¦¤Á¨���·���arithmetic series)
°�»�¦¤Á¨���·��®¤µ¥�¹��°�»�¦¤�̧É¤¸¡��r�°��¨�ª�
£µ¥Ä�°¥¼nÄ�¦¼� Î̈µ�́�Á¨���·��®¦º°�

Ã�¥�������������������������������Á�}� Î̈µ�́�Á¨���·�
1 2n nS a a a   

1 2, , , na a a



�́ª°¥nµ�°�»�¦¤Á¨���·�
1 1 1 1

n

   
¡��r



�́ª°¥nµ�°�»�¦¤Á¨���·�
1 2 3 100   



¦¼�Â���°�°�»�¦¤Á¨���·�
°�»�¦¤Á¨���·���³¤¸¦¼�Â���º°

     
1 2 3

1 1 1 1   2 ( 1)
n nS a a a a

a a d a d a n d

    

        





�¹É��ÎµÄ®oÅ�oªnµ

nS 



��®µ�nµ°�»�¦¤Á¨���·�
3 5 7 101   



��®µ�nµ°�»�¦¤Á¨���·�
10 7 4 1 ( 32)     



¨Îµ�´�Á¨���·��an�®�¹É�¤̧¡��r�̧É�5�Â¨³�11 ¤̧�nµ
Á�}���3 Â¨³��15�µ¤¨Îµ�´�

�Á�}�°�»�¦¤Á¨���·��°�¨Îµ�´�Á¨���·��´��¨nµª�
��®µ�nµ�

1 2n nS a a a   ��Îµ®��Ä®o�

100S
1) -9400 2) -9800 3) -9600
4) 10400 5) 10600



°�»�¦¤Á¦�µ��·���geometic series)
°�»�¦¤Á¦�µ��·��®¤µ¥�¹��°�»�¦¤�̧É¤¸¡��r�°��¨�ª�
£µ¥Ä�°¥¼nÄ�¦¼� Î̈µ�́�Á¦�µ��·��®¦º°�

Ã�¥�������������������������������Á�}� Î̈µ�́�Á¦�µ��·�
1 2n nS r r r   

1 2, , , nr r r



�́ª°¥nµ�°�»�¦¤Á¦�µ��·�
1 1 1 1

n

   
¡��r



�́ª°¥nµ�°�»�¦¤Á¦�µ��·�
1 1 1 1

n

    
¡��r



�́ª°¥nµ�°�»�¦¤Á¦�µ��·�
1 2 4 1024   



¦¼�Â���°�°�»�¦¤Á¦�µ��·�
°�»�¦¤Á¦�µ��·���³¤¸¦¼�Â���º°

     
1 2 3

2 1
1 1 1 1   

n n

n

S r r r r

r r r r r r r 

    

    



   

�¹É��ÎµÄ®oÅ�oªnµ

nS 



¦¼�Â���°�°�»�¦¤Á¦�µ��·�

1

1

1

n

n

r
S r

r






1

1

1

n

n

r
S r

r






®¦º°

Á¤ºÉ° 1r 



�́ª°¥nµ�°�»�¦¤Á¦�µ��·�
1 2 4 1024   



��®µ�nµ°�»�¦¤Á¦�µ��·�

10

1 1 1
1

2 4 2
   



��®µ�nµ°�»�¦¤Á¦�µ��·��8�¡��r�°�°�»�¦¤
2 6 18 54   



�Á�}�°�»�¦¤Á¦�µ��·��°�¨Îµ�´�Á¦�µ��·��´��¨nµª�
��®µ�nµ�

1 2n nS r r r   ��Îµ®��Ä®o�

6S

¨Îµ�´�Á¦�µ��·��rn�®�¹É�¤̧¡��r�̧É�3�Â¨³�6 ¤̧�nµÁ�}��
8 Â¨³�1 �µ¤¨Îµ�´�

1) 48 2) 56 3) 60
4) 62 5) 63



°�»�¦¤�Îµ�́�Â¨³°�»�¦¤°�́��r
°�»�¦¤�Îµ�́���finite series)�®¤µ¥�¹��°�»�¦¤�̧É¤¸�¨¦ª¤�°�
�Îµ�ª�¡��rÁ�}��Îµ�ª��Ç�®�¹É�Á�n�

1+2+3+�+100 Á�}�°�»�¦¤�̧É¤¸�Îµ�ª�¡��r°¥¼n�100 ¡��r

1+2+4+�+1024 Á�}�°�»�¦¤�̧É¤¸�Îµ�ª�¡��r°¥¼n� �¡��r

¤¸�nµÁ�nµ�́�

¤¸�nµÁ�nµ�́�



°�»�¦¤°�´��r��infinite series)�®¤µ¥�¹��°�»�¦¤�̧É¤¸�¨¦ª¤
�°��Îµ�ª�¡��r°¥¼nÅ¤n�Îµ�́��Á�n�
1+2+3+�+n+...

1

1 1 1
1

2 4 2n     

1 1 1 1

2 3 3 4 4 5 ( 1)( 2)n n
    

 
 

  



�oµ n   Â öª nS ¤¸�nµÁ�nµ�́��nµ
Á¦µ�³� n̈µªªnµ°�»�¦¤�������� ¼̈nÁ�oµ¼n�nµ�A Á¤ºÉ°�n�¤¸�nµÁ�}�°�´��r�

A

�oµ n   Â öª Å¤n¤¸�nµÄ� öÁ�¸¥��nµÄ�Á�¡µ³
nS converges to A as n tends to infinity.

Á¦µ�³� n̈µªªnµ°�»�¦¤�������� ¼̈n°°��
diverges as n tends to infinity.

nS

Series

nS

nS

nSSeries



�´ª°¥nµ��°�»�¦¤±µ¦r¤°�·�
1 1 1 1

1
2 3 4 n

      

Á�}�°�»�¦¤�¸É¨¼n°°�

1 1 1 1
1

2 3 4ns
n

     

�Îµ®��Ä®o





�°��µ��¸Ê¡�ªnµ 32 64 128

5 6 7
1 , 1 , 1

2 2 2
s s s     

Â¨³
2

1
2

n

n
s  

Â��ªnµ
2

lim lim 1
2

n
n n

n
s

 

     

�´É��º° 2
lim n
n

s




2ns ( )Á¤ºÉ° n



��¡·�µ¦�µªnµ°�»�¦¤�n°Å��¸Ê ¼̈nÁ�oµ®¦º° ¼̈n°°���oµ ¼̈nÁ�oµ
Ä®o¦³�»ªnµ ¼̈nÁ�oµ¼n�nµÄ�

1+2+3+�+n+...

1

1 1 1
1

2 4 2n     

1 1 1 1

2 3 3 4 4 5 ( 1)( 2)n n
    

 
 

  



¨Îµ�´�Á¦�µ��·��rn�®�¹É�¤̧¡��r�̧É�3�Â¨³�6 ¤̧�nµÁ�}��8 
Â¨³�1 �µ¤¨Îµ�´�

1 2n nS r r r   ��Îµ®��Ä®o�
��®µ�nµ� lim n

n
S



1) 512 2) 256 3) 128
4) 64 5) 32



�µ¦��°��µ¦ ¼̈nÁ�oµ�°�°�»�¦¤°�́��r

Á�ºÉ°��oª¥Á�}��µ¦¥µ��¸É�³�¦µ�ªnµ°�»�¦¤°�´��r�¸É
�Ä��´Ê��¤¸�nµ�¸ÉÂ�n�°�Á�}�Á�nµÄ���µ��¦́Ê�Á¦µ�o°��µ¦
�¦µ�Á¡¸¥�Â�nªnµ°�»�¦¤°�´��r�´��¨nµª�´Ê�¨¼nÁ�oµ�®¦º°�¨¼n
°°���¹É�Ä��¸É�¸Ê�³�Îµ Á�°ª·�¸�µ¦Á�ºÊ°��o��¸É�³Ä�o
�¦ª�°�ªnµ°�»�¦¤�´��¨nµª�´Ê�¨¼nÁ�oµ®¦º°Å¤n



�§¬�¸���̧É�³� n̈µª�n°Å��¸Ê�Á�̧É¥ª�o°��́��µ¦ ¼̈nÁ�oµ�°�°�»�¦¤
�³� n̈µª�¹�Ã�¥Å¤nÅ�oÂ���µ¦¡·¼��r��¼o°nµ�µ¤µ¦�®µ�µ¦
¡·¼��r�§¬�¸���́�� n̈µªÅ�oÄ�®�´�º°�Calculus �́ÉªÅ��Á�n�
Stewart, J., Calculus, early transcendental 6th ed., 2008,
USA, Thomson Brooks/Cole



�§¬�̧�� �oµ°�»�¦¤
1

n
n

a



 ¨¼nÁ�oµ�Â¨oª lim 0n

n
a




�´ª°¥nµ�
1

1 1 1
1

2 4 2n     ¡·�µ¦�µ°�»�¦¤



®¤µ¥Á®�» Ä��µ��¨´��´� �oµ lim 0n
n

a




�´ª°¥nµ�Á�n� ¡·�µ¦�µ°�»�¦¤±µ¦rÃ¤�·�

Â¨oª

1
n

n

a



 °µ��³¨¼nÁ�oµ�®¦º°¨¼n°°��ÈÅ�o

1

1 1 1 1 1
1

2 3 4n n n





        



�§¬�̧�� �oµ lim 0n
n

a




1
n

n

a



 ¨¼n°°�

®¦º°�Å¤nµ¤µ¦�®µ�nµ lim n
n

a


Å�o

Â¨oª

�´ª°¥nµ� ¡·�µ¦�µ°�»�¦¤
2

2
1

1

n

n

n









�n°Å��¸Ê�Á¡ºÉ°�ªµ¤³�ª���³Ä�o´��¦�r�n°Å��¸Ê

na
1

n
n

a





1
n

n

b





Â��

Â��nb

1
n

n

c



Â��nc





�§¬�¸��

nca

n nca c a 

�oµ°�»�¦¤ na Â¨³ nb ¨¼nÁ�oµÂ¨oª�°�»�¦¤�n°Å��¸Ê�³
¨¼nÁ�oµ�oª¥ (Á¤ºÉ°�c�Á�}��nµ���´ªÄ��Ç)  n na b  n na b,
Â¨³

 n n n na b a b    

 n n n na b a b    

1 1 1

N

n n n
n n n N

a a a
 

   

   



�´ª°¥nµ� ��®µ�nµ
1

4 1

( 1) 2n
n n n





 
  





�µ¦��°��oª¥�¦·¡´��r

Ã�¥�´ÉªÅ�Â¨oªÁ�}��µ¦¥µ��¸É�³�¦µ�ªnµ°�»�¦¤°�´��r�¸É
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